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Abstract
Any partial Steiner triple system of order u can be embedded in a Steiner triple system of
order v if v  1; 3 ðmod 6Þ and vX3u  2:
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1. Introduction
A partial Steiner triple system of order v; denoted PSTSðvÞ; is a pair ðV ; BÞ where
V is a set of v elements and B is a set of 3-element subsets, called triples, of V such
that each pair of elements of V occurs in at most one triple. A Steiner triple system of
order v; denoted STSðvÞ; is a PSTSðvÞ in which each pair of elements occurs in exactly
one triple. It is well known, and ﬁrst proved by Kirkman [12], that an STSðvÞ exists if
and only if v  1; 3 ðmod 6Þ: The leave of a partial Steiner triple system ðU ; AÞ is the
graph L with vertex set U and edge set EðLÞ given by xyAEðLÞ if and only if x and y
do not occur together in any triple of A: A partial Steiner triple system ðU ; AÞ is
embedded in a partial Steiner triple system ðV ; BÞ if UDV and ADB: An embedding
of a PSTSðuÞ in an STS(v) is called an embedding of order v:
Treash [21] proved in 1971 that any PSTS has an embedding of ﬁnite order. The
order of the embedding obtained using Treash’s method is very large, about 22u for a
PSTSðuÞ: In 1975, Lindner [14] proved that any PSTSðuÞ has an embedding of order
6u þ 3: Lindner [15] also conjectured that any PSTSðuÞ has an embedding of order v
if v  1; 3 ðmod 6Þ and vX2u þ 1: This is known as the strong Lindner conjecture. The
weak Lindner conjecture asserts that any PSTSðuÞ has an embedding of order v if
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v  1; 3 ðmod 6Þ and vX2u0 þ 1 where u0 is the smallest integer with u0Xu and
u0  1; 3 ðmod 6Þ: On the other hand, it is known, for example see [6], that for all
uX9 there exists a PSTSðuÞ which has no embedding of order vo2u þ 1: Although
several results have been obtained on embeddings of order less than 2u þ 1; see [3,5],
Colbourn [4] has shown that deciding whether an embedding of order vo2u þ 1
exists is NP-complete in general.
In 1980, Andersen et al. [2] proved that any PSTSðuÞ has an embedding of order v
if v  1; 3 ðmod 6Þ and vX4u þ 1: The main result of this paper is a reduction of this
lower bound to 3u  2; see Theorem 9.1. Andersen et al. [2] also construct
embeddings of order 2u þ 1 provided certain conditions involving the size, maximum
degree and minimum degree of the leave of the given PSTSðuÞ are satisﬁed. Here,
some new embeddings of order 2u þ 1; see Lemma 3.3, are constructed and used in
the proof of the main result. A survey on embeddings of PSTSs and related results
can be found in [6].
2. Notation and preliminary results
A maximum partial Steiner triple system of order u; denoted MPSTSðuÞ; is a
PSTSðuÞ such that no PSTSðuÞ has more triples. The following theorem, which
completed the solution of the embedding problem for MPSTSs, was proved by Fu
et al. in 1998, see [9]. Their proof used the 1973 result of Doyen and Wilson [8],
which settled the embedding problem for STSs, and subsequent work by Hartman,
Mendelsohn and Rosa, see [10,11,17].
Theorem 2.1 (Fu et al. [9]). Let v4uX6: Then an MPSTSðuÞ can be embedded in an
MPSTSðvÞ if and only if
* u is even and v ¼ u þ 1;
* u ¼ 6 and vX10; or
* u46 and vX2u:
Simple numerical calculations show that if e is the number of edges in the leave
of a PSTSðuÞ; then e  0 ðmod 3Þ if u  0; 1 ðmod 3Þ and e  1 ðmod 3Þ if u 
2 ðmod 3Þ: It is well known, see [19], that the leave of an MPSTSðuÞ consists of u
isolated vertices if u  1; 3 ðmod 6Þ; consists of a 4-cycle and u  4 isolated vertices if
u  5 ðmod 6Þ; is a 1-regular graph of order u if u  0; 2 ðmod 6Þ; and is the unique
graph having one vertex of degree 3 and u  1 vertices of degree 1 if u  4 ðmod 6Þ:
Let ZðuÞ denote the number of pairs occurring in the triples of an MPSTSðuÞ: That is,
ZðuÞ ¼
1
2
uðu  1Þ if u  1; 3 ðmod 6Þ;
1
2
uðu  1Þ  4 if u  5 ðmod 6Þ;
1
2
uðu  2Þ if u  0; 2 ðmod 6Þ;
1
2
uðu  2Þ  1 if u  4 ðmod 6Þ:
8>><
>>:
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It is useful to deﬁne eu; for all odd integers u; by eu ¼ 0 if u  1; 3 ðmod 6Þ and eu ¼ 4
if u  5 ðmod 6Þ; so that ZðuÞ ¼ 1
2
uðu  1Þ  eu for odd u:
A maximal partial Steiner triple system of order u; denoted mPSTSðuÞ; is a
PSTSðuÞ with a triangle-free leave. An mPSTSðuÞ with the property that no
mPSTSðuÞ has fewer triples is called a minimum mPSTSðuÞ: Nova´k constructed a
minimum mPSTSðuÞ for all u; see [18]. This of course yields an upper bound on the
size of the leave L of an mPSTSðuÞ: The following theorem gives this upper bound in
the case u is odd.
Theorem 2.2 (Novak [18]). Let u be odd, let L be the leave of an mPSTSðuÞ and let e
be the size of L: Then
ep
1
4
ðu  1Þ2 if u  1; 5 ðmod 12Þ;
1
4
ðu þ 1Þðu  3Þ if u  3 ðmod 12Þ;
1
4 ðu2  2u  11Þ if u  7; 11 ðmod 12Þ;
1
4
ðu þ 3Þðu  5Þ if u  9 ðmod 12Þ:
8>>><
>>:
In particular, for any odd u; ep1
4
ðu  1Þ2:
Completing the earlier work of Severn [20], Colbourn et al. [7] determined for all u;
the possible numbers of triples in an mPSTSðuÞ:
Graph theory terminology and results will be used considerably throughout the
paper. Notation not deﬁned below is in common use in the literature. We will make
use of multigraphs, but unless stated otherwise, all graphs will be simple and without
loops. For a graph G; a vertex xAVðGÞ and a subset UDVðGÞ; let eðGÞ ¼ jEðGÞj
denote the size of G; let degGðxÞ denote the degree of x in G; let dðGÞ denote the
minimum degree of G; let DðGÞ denote the maximum degree of G; let NGðxÞ ¼
fyAVðGÞ : xyAEðGÞg denote the neighbourhood of x in G; and deﬁne
SGðUÞ ¼
X
xAU
degGðxÞ:
In a multigraph G; mGðxyÞ will denote the number of edges joining x to y:
An edge colouring of a graph G is an assignment g of colours to its edges, and for
each colour c; the set of edges assigned colour c is called a colour class. An edge
colouring is proper if adjacent edges receive distinct colours. The minimum number
of colours needed for a proper edge colouring of G is called its chromatic index and is
denoted by w0ðGÞ: Vizing [23] showed that for any simple graph G; w0ðGÞpDðGÞ þ 1;
and by Ko¨nig’s Theorem [13], if G is bipartite then w0ðGÞ ¼ DðGÞ: These results on
chromatic index will be used frequently and without reference, and we will also use
the following theorem of Andersen [1].
Theorem 2.3 (Andersen [1]). For any multigraph G;
w0ðGÞpmaxfDðGÞ;maxPI12 ðdegGðxÞ þ mGðxyÞ þ mGðyzÞ þ degGðzÞÞmg;
where P ¼ fx; y; zAVðGÞ : yANGðxÞ-NGðzÞg:
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If a graph G has an edge colouring g with colours c1; c2;y; ct; then let g½ci denote
the number of edges of G coloured ci: An edge colouring with colours c1; c2;y; ct is
equitable if jg½ci  g½cjjp1 for all i; jAf1; 2;y; tg: It is well known that any
multigraph having a proper edge colouring with t colours, has an equitable proper
edge colouring with t colours, see [16,24].
Andersen et al. [2] showed that if there exists a PSTS with a leave of size e; then
there exists a PSTS with a leave L of size e such that the degrees of the vertices of L
differ by at most 2: Such PSTSs are called equitable. The following lemma generalises
this result. Roughly speaking, it shows that it is possible to make a partial Steiner
triple system ðV ; BÞ equitable on the elements outside any subset U of V without
changing the number of triples, without changing the triples that have all three
elements in U ; without changing the number of occurrences in triples of elements of
U ; and without changing those edges of the leave that have both vertices in U :
Lemma 2.4. Let ðV ; B0Þ be a PSTS with leave G0 and let fU ; Wg be a partition of V :
Then there exists a partial Steiner triple system ðV ; BÞ with leave G such that
* eðGÞ ¼ eðG0Þ and hence jBj ¼ jB0j;
* if x; y; zAU and fx; y; zgAB0; then fx; y; zgAB;
* for all x; yAU ; xyAEðGÞ if and only if xyAEðG0Þ;
* for all xAU ; degGðxÞ ¼ degG0ðxÞ; and
* for all x; yAW ; jdegGðxÞ  degGðyÞjp2:
Proof. If jdegG0ðxÞ  degG0ðyÞjp2 for all x; yAW then let B ¼ B0: Otherwise, there
exist vertices x0; y0AW such that jdegG0ðx0Þ  degG0ðy0Þj42; and we can assume that
degG0ðx0ÞodegG0ðy0Þ: Let K be the complete graph with vertex set V : For each triple
fx0; x0; x00gAB0; colour the edge x0x00 of K red and for each triple fy0; y0; y00gAB0;
colour the edge y0y00 of K blue. Let H be the subgraph of K induced by the red and
blue edges. Every component of H is either a cycle of even length with edges
alternately coloured red and blue, or a path with edges alternately coloured red and
blue. Moreover, since degG0ðx0ÞodegG0ðy0Þ; there exists a path P in H which begins
and ends with a red edge. Let VðPÞ ¼ fz1; z2;y; z2tg and EðPÞ ¼ ffzi; ziþ1g : i ¼
1; 2;y; 2t  1g:
Let B1 be the set of triples obtained from B0 by replacing the triples
fx0; z1; z2g; fx0; z3; z4g;y; fx0; z2t1; z2tg;
fy0; z2; z3g; fy0; z4; z5g;y; fy0; z2t2; z2t1g
with
fy0; z1; z2g; fy0; z3; z4g;y; fy0; z2t1; z2tg;
fx0; z2; z3g; fx0; z4; z5g;y; fx0; z2t2; z2t1g:
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Then ðV ; B1Þ is a PSTSðvÞ with leave G1 such that
* eðG1Þ ¼ eðG0Þ;
* if x; y; zAU and fx; y; zgAB0; then fx; y; zgAB1;
* for all x; yAU ; xyAEðG1Þ if and only if xyAEðG0Þ;
* for all xAU ; degG1ðxÞ ¼ degG0ðxÞ; and
* degG1ðx0Þ ¼ degG0ðx0Þ þ 2 and degG1ðy0Þ ¼ degG0ðy0Þ  2:
To see this note that EðG0Þ\fy0z1; y0z2tg ¼ EðG1Þ\fx0z1; x0z2tg: Since x0; y0AW ; it is
clear that for all x; yAU ; xyAEðG1Þ if and only if xyAEðG0Þ and that degG1ðxÞ ¼
degG0ðxÞ for all xAU : Repeated application of this process results in the required
PSTS. &
Lemma 2.4 has the following immediate consequence for embeddings of PSTSs
and we will use this result frequently in subsequent sections.
Lemma 2.5. Suppose a partial Steiner triple system ðU ; AÞ is embedded in a partial
Steiner triple system ðU,W ; B0Þ with leave G0 where U-W ¼ |: Then ðU ; AÞ can be
embedded in a partial Steiner triple system with leave G such that
* eðGÞ ¼ eðG0Þ;
* for all xAU ; degGðxÞ ¼ degG0ðxÞ; and
* for all x; yAW ; jdegGðxÞ  degGðyÞjp2:
The following result essentially appeared in [2] and was stated in terms of
symmetric quasi-latin squares. Here, the result is stated in an alternative form that is
more convenient for the purposes of this paper. It is easier to include a short proof of
the result, than to deﬁne the necessary terminology and prove the equivalence of the
two formulations of the result.
Lemma 2.6. Let v and t be integers with tpv and let s ¼ v  t þ 1: Let V and T be
disjoint sets with jV j ¼ v and jT j ¼ t; let R ¼ V,T ; and let ðR; BÞ be a PSTSðv þ tÞ
with a bipartite leave X ; having bipartition fV ; Tg such that
* degX ðxÞ ¼ s for all xAT ; and
* degX ðxÞps for all xAV :
Then ðR; BÞ has an embedding of order 2v þ 1:
Proof. The proof is by induction on s: If s ¼ 1; then v ¼ t; X is 1-regular and clearly
ðR; BÞ has an embedding of order 2v þ 1: So assume the result holds for all s0ps:
Since DðXÞ ¼ s and X is bipartite, w0ðXÞ ¼ s: Give X a proper edge colouring g with
s colours and let one of the colours be beR: Let s0 ¼ s  1; R0 ¼ R,fbg; and let
B0 ¼ B,ffb; x; yg : xyAEðXÞ; gðxyÞ ¼ bg:
Clearly, ðR0; B0Þ is a PSTS(v þ t þ 1) with leave X 0 say. If degX ðxÞ ¼ s then there is
an edge of colour b incident with x; so degX 0 ðxÞ ¼ s0: If degX ðxÞos; then
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degX ðxÞps  2 (since the degrees of vertices in the leave of a PSTS have the same
parity), so degX 0 ðxÞps0: Moveover, degX 0 ðbÞ ¼ v þ t  2t ¼ s0; and since degX ðxÞ ¼ s
for all xAT ; X 0 is bipartite with bipartition fV ; T,fbgg: Hence, by the inductive
hypothesis, ðR0; B0Þ has an embedding of order 2v þ 1; which is also an embedding of
ðR; BÞ: &
3. Embeddings of order 2u þ 1
Andersen et al. [2] proved the following two results on embeddings of order
2u þ 1:
Lemma 3.1 (Andersen et al. [2]). Let vX1; let 2v þ 1  1; 3 ðmod 6Þ and let ðV ; BÞ be
a PSTSðvÞ with leave G: If eðGÞpZðJ1
2
ðv þ 1ÞnÞ and DðGÞoJ1
2
ðv þ 1Þn; then ðV ; BÞ
has an embedding of order 2v þ 1:
Theorem 3.2 (Andersen et al. [2]). Let vX3; let 2v þ 1  1; 3 ðmod 6Þ and let ðV ; BÞ
be a PSTSðvÞ with leave G: Suppose there exists an integer t  0; 1; 2; 3 ðmod 6Þ such
that eðGÞ ¼ ZðtÞ; dðGÞX2t  v  1; DðGÞpt  1 if t  1; 3 ðmod 6Þ; and DðGÞpt  4
if t  0; 2 ðmod 6Þ: Then ðV ; BÞ has an embedding of order 2v þ 1:
In [2], the statement of the above theorem requires DðGÞpt  4 for
all t  0; 1; 2; 3 ðmod 6Þ; but the result as stated above follows from their
proof. We now prove an analogue of this theorem for all odd t by making use of
Theorem 2.3.
Lemma 3.3. Let ðV ; BÞ be a PSTSðvÞ with leave G and let t be an odd integer such that
(1) eðGÞ ¼ 1
2
tðt  1Þ  et;
(2) DðGÞpt  1;
(3) dðGÞX2t  v  1; and
(4) If t ¼ 5 ðmod 6Þ then there exist a; b; cAV such that either
(i) degGðaÞ; degGðcÞpt  5 and degGðbÞpt  7; or
(ii) degGðaÞ; degGðbÞ; degGðcÞpt  6 and DðGÞpt  2:
Then ðV ; BÞ has an embedding of order 2v þ 1:
Proof. If t  1; 3 ðmod 6Þ; then the result follows from Theorem 3.2, so suppose
t  5 ðmod 6Þ: We remark that the following construction can also be applied to the
cases t  1; 3 ðmod 6Þ by using G in place of G0; S1 instead of S2; and a Steiner triple
system ðT ; S3Þ of order t:
Let G0 be the multigraph obtained from G by adding two edges between a and b
and adding two edges between b and c: First we use Theorem 2.3 to show that
w0ðG0Þpt: Since DðGÞpt  1; it follows from the upper bounds on the degrees of a; b
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and c that DðG0Þpt  1: It remains to show that for all distinct x; y; zAV ;
f ðx; y; zÞ ¼ 1
2
ðdegG0 ðxÞ þ mG0 ðxyÞ þ mG0 ðyzÞ þ degG0 ðzÞÞpt:
If condition (4)(i) holds, then degG0 ðxÞpt  3 for xAfa; b; cg; and if condition
(4)(ii) holds, then degG0 ðxÞpt  4 for xAfa; cg and degG0 ðxÞpt  2 for x ¼ b: Also,
mG0 ðxyÞp3 if xyAfab; bcg and mG0 ðxyÞp1 otherwise. If mG0 ðxyÞp1 and mG0 ðyzÞp1;
then f ðx; y; zÞp1
2
ððt  1Þ þ 1þ 1þ ðt  1ÞÞ ¼ t: If both mG0 ðxyÞ41 and mG0 ðyzÞ41;
then without loss of generality x ¼ a; y ¼ b and z ¼ c and we have f ðx; y; zÞp1
2
ððt 
3Þ þ 3þ 3þ ðt  3ÞÞ ¼ t: If condition (4)(i) holds and exactly one of mG0 ðxyÞ41 and
mG0 ðyzÞ41 holds, then either degG0 ðxÞpt  3 or degG0 ðzÞpt  3; and so
f ðx; y; zÞp1
2
ððt  3Þ þ 3þ 1þ ðt  1ÞÞ ¼ t: Finally, if condition (4)(ii) holds and
exactly one of mG0 ðxyÞ41 and mG0 ðyzÞ41 holds, then f ðx; y; zÞp12 ððt  2Þ þ 3þ 1þ
ðt  2ÞÞ ¼ t: Hence by Theorem 2.3 we have w0ðG0Þpt:
Let T ¼ fb1; b2;y; btg; give G0 an equitable proper edge colouring g with colour
set T ; and let
S1 ¼ ffx; y; gðxyÞg : xyAEðG0Þg:
Since eðGÞ ¼ 1
2
tðt  1Þ  4; eðG0Þ ¼ 1
2
tðt  1Þ and so g½bi ¼ 12 ðt  1Þ for i ¼
1; 2;y; t: We can assume that the two additional edges from a to b are coloured
b1 and b2; and that the two additional edges from b to c are coloured b3 and b4:
Now, let S2 be the set of triples obtained from S1 by replacing
fa; b; b1g; fa; b; b2g; fb; c; b3g; fb; c; b4g
with
fb1; b2; ag; fb2; b3; bg; fb3; b4; cg; fb4; b1; bg;
and let ðT ; S3Þ be an MPSTS(t) whose leave contains the edges of the 4-cycle
ðb1; b2; b3; b4Þ:
It is clear that ðV,T ; B,S2,S3Þ is a PSTSðv þ tÞ with bipartite leave, X say,
having bipartition fV ; Tg: By Lemma 2.6, if degX ðxÞ ¼ v  t þ 1 for all xAT and
degX ðxÞpv  t þ 1 for all xAV ; then ðV,T ; B,S2,S3Þ has an embedding of
order 2v þ 1: If xAV ; then x occurs in at least degGðxÞ triples in S2 (if xefa; b; cg
then x occurs in exactly degGðxÞ triples in S2; if xAfa; cg then x occurs in degGðxÞ þ
1 triples in S2; and if x ¼ b then x occurs in degGðxÞ þ 2 triples in S2). Hence for
all xAV ; degX ðxÞpdegGðxÞ þ t  2degGðxÞ which is at most t  ð2t  v  1Þ ¼
v  t þ 1 since dðGÞX2t  v  1: For i ¼ 5; 6;y; t; degX ðbiÞ ¼ ðv þ t  1Þ  2g½bi
ðt  1Þ ¼ v  t þ 1; and for i ¼ 1; 2; 3; 4; degX ðbiÞ ¼ ðv þ t  1Þ  2ðg½bi  1Þ
4 ðt  3Þ ¼ v  t þ 1: Hence by Lemma 2.6, ðV,T ; B,S2,S3Þ has an embedding
of order 2v þ 1 and this is the required embedding of ðV ; BÞ: &
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4. The construction
The following lemma shows that in order to prove the main result, it is sufﬁcient to
show that every mPSTS of odd order u has an embedding of order 3u  2 and an
embedding of order 3u:
Lemma 4.1. Let u be a positive integer. If for every odd integer u0Xu; any mPSTSðu0Þ
has an embedding of order 3u0  2 and an embedding of order 3u0; then any PSTSðuÞ
has an embedding of order v if v  1; 3 ðmod 6Þ and vX3u  2:
Proof. Let ðU ; AÞ be a PSTSðuÞ and let u0 be given by v ¼ 3u0  2 if v  1 ðmod 6Þ;
and by v ¼ 3u0 if v  3 ðmod 6Þ: It follows from v  1; 3 ðmod 6Þ and the deﬁnition
of u0 that u0 is an odd integer, and hence it follows from vX3u  2 that u0Xu:
Embed ðU ; AÞ in a maximal partial Steiner triple system ðU 0; A0Þ of order u0;
where U 0 is obtained from U by adding u0  u elements, and A0 is obtained
from A by arbitrarily adding triples of elements from U 0; ensuring that the
triples in A0 remain pairwise disjoint, until an mPSTSðu0Þ is obtained. By
assumption, ðU 0; A0Þ has an embedding of order v; which is also an embedding of
ðU ; AÞ: &
To construct embeddings of order nAf3u  2; 3ug for a maximal partial
Steiner triple system ðU ; AÞ of odd order u; we ﬁrst embed ðU ; AÞ in a partial
Steiner triple system ðV ; BÞ of order v; where v is given by 2v þ 1 ¼ n; such that
ðV ; BÞ satisﬁes the conditions of Lemma 3.1 or Lemma 3.3, and hence has an
embedding of order n: The construction of ðV ; BÞ splits into two cases which are
described by the following two lemmas. Roughly speaking, the ﬁrst is used when the
leave of ðU ; AÞ has small size and the second is used when the leave of ðU ; AÞ has
large size.
Lemma 4.2. Let uX9 be odd, let ðU ; AÞ be an mPSTSðuÞ having a leave L of size e;
and let nAf3u  2; 3ug: Let w ¼ 1
2
ðu  3Þ if n ¼ 3u  2 and let w ¼ 1
2
ðu  1Þ if n ¼ 3u:
Let K be the complete graph with vertex set W ¼ fb1; b2;y; bwg where U-W ¼ |;
let V ¼ U,W ; and let v ¼ jV j ¼ u þ w: Suppose there exists a subgraph M of L
satisfying the following conditions:
(1) (i) n ¼ 3u  2; w0ðMÞpw  2 and eðMÞo3ðw  2Þ;
(ii) n ¼ 3u  2; w0ðMÞpw and eðMÞo2w;
(iii) n ¼ 3u; w0ðMÞpw  1 and eðMÞo2ðw  1Þ; or
(iv) n ¼ 3u; w0ðMÞpw and eðMÞpw;
(2) e þ uw  wðw  1Þ  3eðMÞpZðJ1
2
ðv þ 1ÞnÞ;
(3) For all xAU ; degLðxÞ þ w  2 degMðxÞoJ12 ðv þ 1Þn;
(4) If u ¼ 9 or 11 and n ¼ 3u  2; then eðMÞXw:
Then ðU ; AÞ has an embedding of order n:
ARTICLE IN PRESS
D. Bryant / Journal of Combinatorial Theory, Series A 106 (2004) 77–10884
Proof. We ﬁrst show that there exists a proper edge colouring g of M with colour set
W ; and a proper edge colouring r of K with colour set U such that for each edge bibj
of K and each edge xrðbibjÞ of M;
gðxrðbibjÞÞefbi; bjg:
Suppose condition (1)(i) holds. Since w0ðMÞpw  2; we can give M an equitable
proper edge colouring g with colour set W \fbw1; bwg: We can assume that
g½b1pg½b2p?pg½bw2: Since eðMÞo3ðw  2Þ; it follows that g½b1p2 and
g½bip3 for i ¼ 2; 3;y; w  2:
We now construct the proper edge colouring r of K : We begin by assigning
colours to the edges of the complete graph K 0 with vertex set fb2; b3;y; bw2g:
Consider an edge bibj of K
0: Since g½bi; g½bjp3 and since degK 0 ðbiÞ ¼ degK 0 ðbjÞ ¼
w  4; the maximum number of colours which are unavailable to assign to the edge
bibj is 6þ 6þ ðw  5Þ þ ðw  5Þ ¼ 2w þ 2 ¼ u  1: Hence we can arbitrarily assign
available colours to the edges of K 0:
Now, we assign colours to the edges that are incident with b1: Since g½b1p2; the
maximum number of colours which are unavailable to assign to an edge incident
with b1 is 4þ 6þ ðw  4Þ þ ðw  4Þ ¼ 2w þ 2 ¼ u  1; so we can arbitrarily assign
available colours to these edges.
We now complete the required edge colouring of K by assigning colours to the
edges incident with bw1 or bw: Since g½bw1 ¼ g½bw ¼ 0; the maximum number of
colours which are unavailable to assign to an edge incident with bw1 or bw is
6þ ðw  2Þ þ ðw  2Þ ¼ 2w þ 2 ¼ u  1; so again we can arbitrarily assign available
colours.
The proof works similarly for the cases where condition (1)(ii),(1)(iii) or (1)(iv)
hold. When condition (1)(ii) holds, we have g½b1p1 and g½bip2 for i ¼ 2; 3;y; w;
and we ﬁrst assign colours to edges having both vertices in fb2; b3;y; bwg and then
to edges incident with b1: When condition (1)(iii) holds, we have g½b1p1; g½bip2 for
i ¼ 2; 3;y; w  1 and g½bw ¼ 0; and we ﬁrst assign colours to edges having both
vertices in fb2; b3;y; bw1g; then to edges incident with b1 and bi for some
iAf2; 3;y; w  1g; and then ﬁnally to vertices incident with bw: When condition
(1)(iv) holds, we have g½bip1 for i ¼ 1; 2;y; w; and we assign colours to the edges
in any order. In each case, the maximum number of colours which are unavailable to
assign to an edge is at most u  1; so we can complete the colouring by arbitrary
assignment of available colours.
Let Sg ¼ ffx; y; gðxyÞg : xyAEðMÞg and let Sr ¼ ffbi; bj; rðbibjÞg : bibjAEðKÞg:
Since gðxrðbibjÞÞefbi; bjg; Sg,Sr is a set of pairwise disjoint triples, so ðV ; BÞ;
where B ¼ A,Sg,Sr; is a PSTSðvÞ: We show that ðV ; BÞ satisﬁes the conditions of
Lemma 3.1. Let G be the leave of ðV ; BÞ: Now, eðGÞ ¼ e þ uw þ w
2
  3eðMÞ 
3 w2
 
; so it follows immediately from condition (2) that eðGÞpZðJ12 ðv þ 1ÞnÞ:
For a vertex xAU ; degGðxÞ ¼ degLðxÞ þ w  2 degMðxÞ  2r½x; so it follows
from condition (3) that degGðxÞoJ12 ðv þ 1Þn: For a vertex biAW ; degGðbiÞ ¼
ðv  1Þ  2g½bi  2ðw  1Þ; which equals w þ 2 2g½bi if n ¼ 3u and equals w þ
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4 2g½bi if n ¼ 3u  2: In the case n ¼ 3u; we have J12 ðv þ 1Þn ¼ J14ð3u þ 1Þn and
so, since uX9; we have degGðbiÞoJ12 ðv þ 1Þn: In the case n ¼ 3u  2; we have
J1
2
ðv þ 1Þn ¼ J1
4
ð3u  1Þn; so we have degGðbiÞoJ12 ðv þ 1Þn for uX13: In the case
n ¼ 3u  2 and uAf9; 11g; since g is equitable and eðMÞXw; we have g½biX1 for
i ¼ 1; 2;y; w and so we have
degGðbiÞpw þ 4 2 ¼ w þ 2oJ12 ðv þ 1Þn:
Hence we have DðGÞoJ12 ðv þ 1Þn and so by Lemma 3.1, ðV ; BÞ has an embedding
of order 2v þ 1 ¼ n: Since ðU ; AÞ is embedded in ðV ; BÞ; this is the required
embedding of ðU ; AÞ: &
Lemma 4.3. Let uX9 be odd, let ðU ; AÞ be an mPSTSðuÞ having a leave L of size e;
and let nAf3u  2; 3ug: Let w ¼ 1
2
ðu  3Þ if n ¼ 3u  2; and let w ¼ 1
2
ðu  1Þ if
n ¼ 3u: Let K be the complete graph with vertex set W ¼ fb1; b2;y; bwg where
U-W ¼ |; let V ¼ U,W ; and let v ¼ jV j ¼ u þ w: Suppose there exists a subgraph
M of L satisfying the following conditions.
(1) w0ðMÞpw:
(2) 0p1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞpZðwÞ
(3) for all xAU ; degMðxÞX12 degLðxÞ  w2:
(4) If n ¼ 3u  2 then for all xAU ; degMðxÞp12 degLðxÞ þ 1:
(5) If n ¼ 3u then for all xAU ; degMðxÞp12 degLðxÞ:
(6) If v is odd then 4eðMÞpwðu  2w  2Þ þ 2e þ 2e2wþ1:
(7) If v is even then 4eðMÞpwðu  2w  3Þ þ 2e þ 2e2wþ1:
(8) If n ¼ 3u  2 then 4eðMÞXwðu  3w  3Þ þ 2e þ 2e2wþ1:
(9) If n ¼ 3u then 4eðMÞXwðu  3w  1Þ þ 2e þ 2e2wþ1:
(10) If v is odd and 2w þ 1  5 ðmod 6Þ then 4eðMÞ42e  wðu þ 2Þ þ 6u  10:
(11) If v is even and 2w þ 1  5 ðmod 6Þ then 4eðMÞ42e  wðu þ 2Þ þ 5u  8:
Then ðU ; AÞ has an embedding of order n:
Proof. Let g be a proper edge colouring of M with colour set W ; and let Sg ¼
ffx; y; gðxyÞg : xyAEðMÞg: Let
h ¼ 1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞ:
It is easy to see that h is an integer. Moreover, it is straightforward to check, by
considering each of the congruence classes of u modulo 6 and noting that e 
0 ðmod 3Þ for u  1; 3 ðmod 6Þ and that e  1 ðmod 3Þ for u  5 ðmod 6Þ; that h 
0 ðmod 3Þ: Let ðW ; SW Þ be a PSTSðwÞ with jSW j ¼ h3; which exists since condition (2)
ensures 0phpZðwÞ:
Clearly ðV ; A,Sg,SW Þ is a PSTSðvÞ: Let G0 be the leave of ðV ; A,Sg,SW Þ:
By Lemma 2.5, ðU ; AÞ can be embedded in a partial Steiner triple system ðV ; BÞ
with leave G such that eðGÞ ¼ eðG0Þ; degGðxÞ ¼ degG0ðxÞ for all xAU ; and
jdegGðxÞ  degGðyÞjp2 for all x; yAW : We claim that ðV ; BÞ satisﬁes the conditions
ARTICLE IN PRESS
D. Bryant / Journal of Combinatorial Theory, Series A 106 (2004) 77–10886
of Lemma 3.3 with t ¼ 2w þ 1: First we need to show that eðGÞ ¼ 12 tðt  1Þ  et:
Now,
eðGÞ ¼ e þ uw þ w
2
 	
 3jSgj  3jSW j ¼ e þ uw þ
w
2
 	
 3eðMÞ  h
and since h ¼ 1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞ; it follows that
eðGÞ ¼ uw þ w
2
 	
 1
2
wð2u  3w  3Þ  e2wþ1 ¼ wð2w þ 1Þ  e2wþ1
¼ 1
2
tðt  1Þ  et:
We now show that DðGÞpt  1: For a vertex xAU ; degGðxÞ ¼ degLðxÞ þ w 
2 degMðxÞ: Since degMðxÞX12 degLðxÞ  w2 (see condition (3)), it follows that
degGðxÞp2w ¼ t  1: We now show that degGðxÞpt  1 for any vertex xAW : Let
Av denote the average over all xAW of degGðxÞ; that is,
Av ¼ 1
w
SGðWÞ:
Since for all x; yAW ; jdegGðxÞ  degGðyÞjp2; to show that degGðxÞpt  1 for all
xAW ; it sufﬁces to show that Avpt  1 when v is odd and that Avpt  2 when v is
even. Note that t  1 is even, degGðxÞ is even when v is odd, and degGðxÞ is odd when
v is even. Now, SGðWÞ ¼ wðu þ w  1Þ  2eðMÞ  2h: Substituting the value of h;
we get
SGðWÞ ¼ wð4w  u þ 2Þ  2e þ 4eðMÞ  2e2wþ1:
Hence it follows immediately from conditions (6) and (7) that Avpt  1 when v is
odd and that Avpt  2 when v is even. Hence we have DðGÞpt  1:
We now show that dðGÞX2t  v  1: Note that 2t  v  1 ¼ w  2 when n ¼
3u  2; and 2t  v  1 ¼ w when n ¼ 3u: For a vertex xAU ; degGðxÞ ¼ degLðxÞ þ
w  2degMðxÞ; so it follows immediately from conditions (4) and (5) that
degGðxÞX2t  v  1 for all xAU :
We now show that degGðxÞX2t  v  1 for any vertex xAW : Since jdegGðxÞ 
degGðyÞjp2 for all x; yAW ; it sufﬁces to show that AvXw  1 when n ¼ 3u  2; and
that AvXw þ 1 when n ¼ 3u: We have already seen that
SGðWÞ ¼ wð4w  u þ 2Þ  2e þ 4eðMÞ  2e2wþ1:
Hence it follows immediately from conditions (8) and (9) that AvXw  1 when
n ¼ 3u  2; and that AvXw þ 1 when n ¼ 3u: Hence we have dðGÞX2t  v  1:
It remains to show that when t  5 ðmod 6Þ; there exist vertices a; b; cAV such that
degGðaÞ; degGðcÞpt  5 and degGðbÞpt  7; or such that degGðaÞ; degGðbÞ;
degGðcÞpt  6 and DðGÞpt  2: We will show that when v is odd there are three
vertices a; b; cAU such that degGðaÞ;degGðbÞ; degGðcÞpt  7; and that when v is even
DðGÞpt  2 and there are three vertices a; b; cAU such that degGðaÞ;degGðbÞ;
degGðcÞpt  6:
First suppose v is odd. Then degGðxÞ is even for all xAU : Suppose there are not at
least three vertices of degree at most t  7 in U : Then there are at least u  2 vertices
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of degree at least t  5 (note that t is odd). Since dðGÞX2t  v  1; we have
SGðUÞXðu  2Þðt  5Þ þ 2ð2t  v  1Þ ¼ 2uw  6u þ 2w þ 10:
But SGðUÞ ¼ 2e þ uw  4eðMÞ; so by condition (10) we have SGðUÞo2uw 
6u þ 2w þ 10: This is a contradiction, so when v is odd there are three vertices
a; b; cAU such that degGðaÞ; degGðbÞ; degGðcÞpt  7:
Now suppose v is even. Then degGðxÞ is odd for all xAU : Hence, since we have
DðGÞpt  1; we have DðGÞpt  2: Suppose there are not at least three vertices of
degree at most t  6 in U : Then there are at least u  2 vertices of degree at least
t  4: Since dðGÞX2t  v  1; we have
SGðUÞXðu  2Þðt  4Þ þ 2ð2t  v  1Þ ¼ 2uw  5u þ 2w þ 8:
But SGðUÞ ¼ 2e þ uw  4eðMÞ; so by condition (11) we have SGðUÞo2uw 
5u þ 2w þ 8: This is a contradiction, so when v is even, there are three vertices
a; b; cAU such that degGðaÞ; degGðbÞ; degGðcÞpt  6: Hence, by Lemma 3.3 ðV ; BÞ
has an embedding of order 2v þ 1 ¼ n and, since ðU ; AÞ is embedded in ðV ; BÞ; this is
the required embedding of ðU ; AÞ: &
5. Some results on leaves of mPSTSs
Various results concerning leaves of mPSTSs are proved in this section. These will
be used in subsequent sections.
Lemma 5.1. Let L be a non-empty graph of odd order u containing no triangles and
having degLðxÞ even for all xAVðLÞ: Then
(1) for all xyAEðLÞ; degLðxÞ þ degLðyÞpu  1;
(2) DðLÞpu  3;
(3) for each component X of L; dðXÞp1
2
ðu  1Þ;
(4) L has a component with at least 2DðLÞ edges, so DðLÞp1
2
eðLÞ; and
(5) if L is the leave of a PSTS and DðLÞ ¼ u  3; then L is bipartite.
Proof. If xyAEðLÞ then, since L is triangle-free, NLðxÞ and NLðyÞ are disjoint, so
degLðxÞ þ degLðyÞpu: Since degLðxÞ; degLðyÞ are even and u is odd, degLðxÞ þ
degLðyÞpu  1 and we have condition (1). Condition (2) follows immediately from
condition (1) by choosing x such that degLðxÞ ¼ DðLÞ and yANLðxÞ (since yANLðxÞ
implies degLðyÞX2). Condition (3) also follows immediately from condition (1) by
choosing x such that degLðxÞ ¼ dðLÞ and yANLðxÞ:
To prove condition (4), let x be such that degLðxÞ ¼ DðLÞ: We have DðLÞ edges
incident with x and we have at least a further DðLÞ edges incident with the DðLÞ
vertices in NLðxÞ (since these vertices have degree at least 2 and are pairwise non-
adjacent). That is, we have at least 2DðLÞ edges in the component of L containing x;
and so we have condition (4). Finally, if ðU ; AÞ is a PSTSðuÞ with leave L and
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DðLÞ ¼ u  3; then it follows that fx; y; zgAA where fx; y; zg ¼ U\NLðxÞ: Hence L is
a bipartite graph with bipartition ffx; y; zg; NLðxÞg and we have condition (5). &
Lemma 5.2. Let u be odd, let L be the leave of an mPSTSðuÞ; let e ¼ eðLÞ; and let m be
the number of components of odd size in L: Then mpminfIu
5
m;Ie
5
mg; and if
mX2; ep1
4
ðu2  5ðm  1Þð2u  5mÞÞ:
Proof. The only connected graphs, with all vertices having even degree, and with
fewer than 5 edges or fewer than 5 vertices are the trivial graph, the 3-cycle and the
4-cycle. Since L contains no triangles, any component of odd size in L has at least 5
vertices and at least 5 edges. It follows that there can be no more than
minfIu
5
m;Ie
5
mg components of odd size in L:
Now suppose mX2 and let u1; u2;y; ut be the orders of the components of L; with
u1; u2;y; um being the orders of the components of odd size. It is an easy
consequence of Turan’s Theorem [22] that ep1
4
ðu21 þ u22 þ?þ u2t Þ: It is clear that
choosing u2 ¼ u3 ¼? ¼ um ¼ 5; umþ1 ¼ umþ2 ¼? ¼ ut ¼ 0; and u1 ¼ u  ðu2 þ
u3 þ?þ utÞ maximizes u21 þ u22 þ?þ u2t : Hence we have ep14ððu  5ðm  1ÞÞ2þ
25ðm  1ÞÞ ¼ 1
4
ðu2  5ðm  1Þð2u  5mÞÞ: &
Lemmas 4.2 and 4.3 require the existence of a subgraph M of the leave L of an
mPSTS such that M has certain properties. In the following lemma, three subgraphs
M1; M2 and M3; each having similar properties, are constructed. These, or in some cases
subgraphs of them, will be used in subsequent sections as the required subgraph M:
Lemma 5.3. Let uX5 be odd, let L be the leave of an mPSTSðuÞ; let e ¼ eðLÞX6; and
let m be the number of components of odd size in L: Then L has subgraphs M1; M2 and
M3 such that
M1: eðM1Þ ¼ 12 ðe þ mÞ; w0ðM1Þp12 ðu  3Þ if uX11; M1 has m vertices x for which
degM1ðxÞ ¼ 12 degLðxÞ þ 1; and M1 has u  m vertices x for which degM1ðxÞ ¼
1
2
degLðxÞ:
M2: eðM2Þ ¼ Ie2m; w0ðM2Þp12 ðu  3Þ if uX11; M2 has Jm2n vertices x for which
degM2ðxÞ ¼ 12 degLðxÞ  1; M2 has Im2m vertices x for which degM2ðxÞ ¼
1
2
degLðxÞ þ 1; and M2 has u  m vertices x for which degM2ðxÞ ¼ 12 degLðxÞ:
M3: eðM3Þ ¼ f for any non-negative integer f in the range
Ie
2
 1
4
ðu  1Þmpfp1
2
ðe  mÞ;
w0ðM3Þp12 ðu  3Þ;
and for all xAVðLÞ;
1
2
degLðxÞ  14 ðu  1ÞpdegM3ðxÞp12 degLðxÞ:
Moreover, in the case f ¼ 1
2
ðe  mÞ; M3 has m vertices x for which degM3ðxÞ ¼
1
2
degLðxÞ  1; and M3 has u  m vertices x for which degM3ðxÞ ¼ 12 degLðxÞ:
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Proof. We begin by deﬁning subgraphs LB and LW of L as follows. Let U ¼ VðLÞ
and let the components of L be X1; X2;y; Xt where tXm and where X1; X2;y; Xm
have odd size. For i ¼ 1; 2;y; t; construct an Eulerian circuit Ei in Xi starting at a
vertex xi with degLðxiÞp12 ðu  1Þ: Such a vertex exists by condition (3) of Lemma
5.1. Alternately colour the edges of each circuit white and black, with the ﬁrst edge of
each circuit being white. Deﬁne LW to be the subgraph of L induced by the white
edges, and deﬁne LB to be the subgraph of L induced by the black edges.
The graph M1: Let M1 ¼ LW : It is easy to see that eðM1Þ ¼ 12 ðe þ mÞ; degM1ðxiÞ ¼
1
2
degLðxiÞ þ 1 for i ¼ 1; 2;y; m; and degM1ðxÞ ¼ 12 degLðxÞ for xefx1; x2;y; xmg:
If uX11; then for i ¼ 1; 2;y; t; degLðxiÞpu  7: To see this note that 12 ðu 
1Þpu  7 for uX13; and when u ¼ 11; degLðxiÞp5 implies degLðxiÞp4 (since
degLðxiÞ is even). Hence, if DðLÞpu  5; we have DðM1Þpmaxf12 ðu  5Þ; 12 ðu  7Þ þ
1g ¼ 1
2
ðu  5Þ; so w0ðM1Þp12 ðu  3Þ: If DðLÞ ¼ u  3; then by condition (5) of
Lemma 5.1, L is bipartite, so every component of L has even size. It follows that
DðM1Þ ¼ 12 ðu  3Þ and w0ðM1Þ ¼ 12 ðu  3Þ:
The graph M2: Let M2 be the graph induced by the black edges of Xi when i is odd,
and the white edges of Xi when i is even. It is clear that eðM2Þ ¼ Ie2m: If
xefx1; x2;y; xmg then degM2ðxÞ ¼ 12 degLðxÞ: If xiAfx1; x2;y; xmg and i is odd
then degM2ðxiÞ ¼ 12 degLðxiÞ  1: If xiAfx1; x2;y; xmg and i is even then degM2ðxiÞ ¼
1
2
degLðxiÞ þ 1: Hence, it remains only to show that w0ðM2Þp12 ðu  3Þ for uX11: For
uX11; we have already seen that w0ðLW Þp12 ðu  3Þ; so it follows that w0ðM2Þp12 ðu 
3Þ if w0ðLBÞp12 ðu  3Þ: But DðLBÞp12DðLÞp12 ðu  3Þ: Hence if DðLÞou  3;
w0ðLBÞp12 ðu  3Þ: Also, if DðLÞ ¼ u  3 then by condition (5) of Lemma 5.1, L is
bipartite, so LB is also bipartite and w0ðLBÞ ¼ 12 ðu  3Þ: Note that w0ðLBÞp12 ðu  3Þ
for all uX5:
The graph M3: It is clear that eðLBÞ ¼ 12 ðe  mÞ and we have just seen
that w0ðLBÞp12 ðu  3Þ so M3 ¼ LB sufﬁces in the case f ¼ 12 ðe  mÞ: For the
cases fo1
2
ðe  mÞ; let UD ¼ fxAU : degLðxÞX12 ðu þ 1Þg and let Ud ¼
fxAU : degLðxÞp12 ðu  1Þg: So U ¼ UD,Ud ; UD-Ud ¼ |; and by condition (1)
of Lemma 5.1, no pair of vertices in UD are adjacent. We note that if xAUd ; then
1
2
degLðxÞ  14 ðu  1Þp0: Also, since mpu5; 12 ðe  mÞXe2  u10; from which it follows
that 1
2
ðe  mÞXIe
2
 1
4
ðu  1Þm:
If we can remove edges from LB; until f edges remain, in such a way that the
degree of each vertex x remains at least 1
2
degLðxÞ  14 ðu  1Þ; then we have the
required graph M3: Since when xAUd ; 12 degLðxÞ  14 ðu  1Þp0 we are free to remove
any edge joining a pair of vertices in Ud :
Let M0 be a graph obtained from LB by removing all the edges joining
pairs of vertices in Ud and arbitrarily removing all except
1
2
degLðxÞ  14 ðu  1Þ
edges from each vertex xAUD: Clearly M0 satisﬁes degM0ðxÞX12 degLðxÞ  14 ðu  1Þ:
Hence it sufﬁces to show that eðM0Þpmaxf0;Ie2  14 ðu  1Þmg; since then
eðM0Þpf :
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It is easy to see that
eðM0Þ ¼
X
xAUD
1
2
degLðxÞ 
1
4
ðu  1Þ
 	
¼ 1
2
X
xAUD
degLðxÞ 
1
4
jUDjðu  1Þ:
If UD ¼ | then eðM0Þ ¼ 0: If jUDj ¼ 1; then by condition (4) of Lemma 5.1 we haveX
xAUD
degLðxÞ ¼ DðLÞp
e
2
and so
eðM0Þpe
4
 1
4
ðu  1ÞpIe
2
 1
4
ðu  1Þm
since eX6: Finally, if jUDjX2; then
P
xAUDdegLðxÞpe and so since uX5; we have
eðM0Þpe
2
 1
2
ðu  1Þp e
2
 1
4
ðu  1Þ
 
: &
6. Small cases
We are now ready to begin constructing embeddings of order 3u  2 and 3u for
any mPSTS of odd order u; as required for Lemma 4.1. For up9 and for leaves of
certain sizes when uAf11; 13; 15; 19; 23g; the required embeddings are not obtained
by the general constructions of the following sections. In this section, we construct
embeddings for these small cases. An mPSTSðuÞ with leave of size ep4 is necessarily
an MPSTSðuÞ; so by Theorem 2.1 we have the following result.
Lemma 6.1. Let ðU ; AÞ be an mPSTSðuÞ with leave L and let e ¼ eðLÞp4: Then
ðU ; AÞ has embeddings of order 3u  2 and 3u:
Lemma 6.2. Let uAf3; 5; 7; 9g and let ðU ; AÞ be an mPSTSðuÞ: Then ðU ; AÞ has
embeddings of order 3u  2 and 3u:
Proof. Let L be the leave of ðU ; AÞ and let e ¼ eðLÞ: The result is trivial for up5; so
it follows from Lemma 6.1 and Theorem 2.2 that ðu; eÞAfð7; 6Þ; ð9; 6Þ; ð9; 9Þ; ð9; 12Þg
are the only cases we need to consider.
The cases ðu; eÞAfð7; 6Þ; ð9; 6Þg: If ðu; eÞ ¼ ð7; 6Þ; then L consists of a 6-cycle and
an isolated vertex and it is straightforward to embed such a PSTS in an STS(9),
which has embeddings of order 19 and 21 by Theorem 2.1. If ðu; eÞ ¼ ð9; 6Þ; then L
consists of a 6-cycle and three isolated vertices and it is straightforward to embed
such a PSTS in an MPSTS(11), which has embeddings of order 25 and 27 by
Theorem 2.1.
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The case ðu; eÞ ¼ ð9; 9Þ: For ðu; eÞ ¼ ð9; 9Þ; there is exactly one component of
odd size in L; and we let M be the subgraph M3 of L given by Lemma 5.3 with
f ¼ 1
2
ðe  mÞ so that eðMÞ ¼ 4 and w0ðMÞp3: It is straightforward to check that
M satisﬁes conditions (1)(ii),(2),(3) and (4) of Lemma 4.2 with n ¼ 3u  2; and that
M satisﬁes conditions (1)(iii),(2) and (3) Lemma 4.2 with n ¼ 3u:
The case ðu; eÞ ¼ ð9; 12Þ: If ðu; eÞ ¼ ð9; 12Þ; then there is no component of odd size
in L: To constuct an embedding of order n ¼ 3u  2; let M be the subgraph M3 of L
given by Lemma 5.3 with f ¼ 1
2
ðe  mÞ so that eðMÞ ¼ 6 and w0ðMÞ ¼ 3: Give M an
equitable proper edge colouring g with colour set W ¼ fb1; b2; b3g: Let S ¼
ffx; y; gðxyÞg : xyAEðMÞg,ffb1; b2; b3gg: Clearly ðU,W ; A,SÞ is a PSTS(12)
and we claim that it satisﬁes the conditions of Lemma 3.1. If G is the leave of
ðU,W ; A,SÞ; then eðGÞ ¼ 12þ 27þ 3 18 3 ¼ 21: Also, it is easy to see that
for xAU ; degGðxÞ ¼ 3 and for xAW ; degGðxÞ ¼ 5: Hence by Lemma 3.1,
ðU,W ; A,SÞ has an embedding of order 25, which is also an embedding of ðU ; AÞ:
To constuct an embedding of order n ¼ 3u in the case ðu; eÞ ¼ ð9; 12Þ; let M3 be the
subgraph of L given by Lemma 5.3 with f ¼ 1
2
ðe  mÞ; and let M be the graph
obtained from M3 by removing some edge x0y0AEðM3Þ: So eðMÞ ¼ 5 and w0ðMÞp3:
Give M an equitable proper edge colouring g with colour set W ¼ fb1; b2; b3; b4g:
We can assume that g½b1 ¼ g½b2 ¼ g½b3 ¼ 1 and g½b4 ¼ 2: Let S ¼
ffx; y; gðxyÞg : xyAEðMÞg,ffb1; b2; b3gg: Clearly ðU,W ; A,SÞ is a PSTS(13)
and we claim that it satisﬁes the conditions of Lemma 3.3 with t ¼ 9: If G is the leave
of ðU,W ; A,SÞ; then eðGÞ ¼ 12þ 36þ 6 15 3 ¼ 36; so condition (1) is
satisﬁed. Also, it is not difﬁcult to see that if xAU\fx0; y0g then degGðxÞ ¼ 4; if
xAfx0; y0g then degGðxÞ ¼ 6; and if xAW then degGðxÞ ¼ 8: Hence conditions (2)
and (3) of Lemma 3.3 are also satisﬁed, so ðU,W ; A,SÞ has an embedding of
order 27, which is also an embedding of ðU ; AÞ: &
Lemma 6.3. Let
ðu; eÞAfð11; 10Þ; ð11; 16Þ; ð13; 18Þ; ð13; 21Þ; ð13; 33Þ; ð15; 12Þ; ð15; 24Þ; ð19; 18Þg
and let ðU ; AÞ be an mPSTSðuÞ with leave L of size e: Then ðU ; AÞ has an embedding of
order 3u  2:
Proof. Let w ¼ 1
2
ðu  3Þ and let W ¼ fb1; b2;y; bwg where W-U ¼ |: Let V ¼
U,W and let v ¼ jV j ¼ u þ w: Let m be the number of components of odd size in L:
The case ðu; eÞ ¼ ð11; 10Þ: Let U ¼ fx1; x2;y; x11g: Clearly, there is a pair x1x2
and x3x4 of independent edges in L: Let
B ¼ A,f fx1; x2; b1g; fx3; x4;b2g; fx5; b1; b2g; fx6; b1; b3g;
fx7; b1; b4g; fx8; b2;b3g; fx9; b2; b4g; fx10; b3; b4g g:
Then ðV ; BÞ is a PSTS(15). We claim that ðV ; BÞ satisﬁes the conditions of Lemma
3.3 with t ¼ 9: Let G be the leave of ðV ; BÞ: Firstly, eðGÞ ¼ 10þ 44þ 6 24 ¼ 36; so
condition (1) is satisﬁed. For i ¼ 1; 2;y; 10; degGðxiÞ ¼ degLðxiÞ þ 4 2; so since
0pdegLðxiÞp4 (DðLÞ is even and by Lemma 5.1 part (4), DðLÞp5), we have
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2pdegGðxiÞp6 for i ¼ 1; 2;y; 10: Also, 4pdegGðx11Þp8: Finally, degGðb1Þ ¼
degGðb2Þ ¼ 6 and degGðb3Þ ¼ degGðb4Þ ¼ 8: Hence conditions (2) and (3) are
also satisﬁed, so it follows that ðV ; BÞ; and hence also ðU ; AÞ; has an embedding of
order 31.
The case ðu; eÞ ¼ ð11; 16Þ: It follows from Lemma 5.2 that m ¼ 0: Let M be the
subgraph M1 of L given by Lemma 5.3. So eðMÞ ¼ 8; degMðxÞ ¼ 12 degLðxÞ for all
xAU ; and w0ðMÞp4: Give M an equitable proper edge colouring g with colour set W
and let S ¼ ffx; y; gðxyÞg : xyAEðMÞg: We have g½bi ¼ 2 for i ¼ 1; 2; 3; 4; so there
exist distinct elements a; bAU such that the pairs fa; b1g; fa; b2g; fb; b3g and fb; b4g
occur in no triple of S: To see this note that four elements of U occur in triples with
bi for i ¼ 1; 2; 3; 4; so at most eight elements of U occur in triples with b1 or b2; and
at most eight elements of U occur in triples with b3 or b4: Thus there are at least
three elements of U available to choose for a; and then at least two elements
remain to choose for b: Let B ¼ A,S,ffb1; b2; ag; fb3; b4; bgg so that ðV ; BÞ is a
PSTS(15). We claim that ðV ; BÞ satisﬁes the conditions of Lemma 3.3 with t ¼ 9:
Let G be the leave of ðV ; BÞ: Firstly, eðGÞ ¼ 16þ 44þ 6 24 6 ¼ 36; so
condition (1) is satisﬁed. If xAU\fa; bg then degGðxÞ ¼ 4; if xAfa; bg then degGðxÞ ¼
2; and if xAW then degGðxÞ ¼ 14 4 2 ¼ 8: Hence conditions (2) and (3)
are also satisﬁed, so it follows that ðV ; BÞ; and hence also ðU ; AÞ; has an embedding
of order 31.
The case ðu; eÞ ¼ ð13; 18Þ: Let M be the subgraph M2 of L given by Lemma 5.3. So
w0ðMÞpw; eðMÞ ¼ 9; and for all xAU ; 1
2
degLðxÞ  1pdegMðxÞp12 degLðxÞ þ 1: We
claim that M satisﬁes the conditions of Lemma 4.2 with n ¼ 3u  2: Condition (1)(ii)
is clearly satisﬁed. We have e þ uw  wðw  1Þ  3eðMÞ ¼ 18þ 65 20 27 ¼
36p39 ¼ ZðJ1
2
ðv þ 1ÞnÞ; so condition (2) is satisﬁed. For all xAU ; 1
2
degLðxÞ 
1pdegMðxÞ: So we have degLðxÞ þ w  2degMðxÞpw þ 2 ¼ 7o10 ¼ J12 ðv þ 1Þn;
and condition (3) is satisﬁed. Hence by Lemma 4.2, ðU ; AÞ has an embedding of
order 37.
The case ðu; eÞ ¼ ð13; 21Þ: Let M2 be the subgraph of L given by Lemma 5.3 and
let M be the graph obtained from M2 by deleting some edge. So w0ðMÞpw; eðMÞ ¼
9; and for all xAU ; 1
2
degLðxÞ  2pdegMðxÞp12 degLðxÞ þ 1: We claim that M
satisﬁes the conditions of Lemma 4.2 with n ¼ 3u  2: Condition (1)(ii) is clearly
satisﬁed. We have e þ uw  wðw  1Þ  3eðMÞ ¼ 21þ 65 20 27 ¼ 39 ¼
ZðJ1
2
ðv þ 1ÞnÞ; so condition (2) is satisﬁed. For all xAU ; 1
2
degLðxÞ  2pdegMðxÞ:
So we have degLðxÞ þ w  2degMðxÞpw þ 4 ¼ 9o10 ¼ J12 ðv þ 1Þn; and condition
(3) is satisﬁed. Hence by Lemma 4.2, ðU ; AÞ has an embedding of order 37.
The case ðu; eÞ ¼ ð13; 33Þ: It follows from Lemma 5.2 that m ¼ 1: Let M be the
subgraph M1 of L given by Lemma 5.3. We have eðMÞ ¼ 17; w0ðMÞpw and
1
2 degLðxÞpdegMðxÞp12 degLðxÞ þ 1: We show that M satisﬁes the conditions of
Lemma 4.3 with n ¼ 3u  2: Condition (1) is immediate. We have 1
2
wð2u  3w 
3Þ þ e2wþ1 þ e  3eðMÞ ¼ 6; so condition (2) is satisﬁed. Conditions (3) and (4) are
immediate from the bounds on degMðxÞ: Finally, conditions (7), (8) and (11) are
satisﬁed since 4eðMÞ ¼ 68; wðu  2w  3Þ þ 2e þ 2e2wþ1 ¼ 74; wðu  3w  3Þ þ 2e þ
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2e2wþ1 ¼ 49 and 2e  wðu þ 2Þ þ 5u  8 ¼ 48: Hence by Lemma 4.3 ðU ; AÞ has an
embedding of order 37.
The case ðu; eÞ ¼ ð15; 12Þ: By Lemma 5.1 part (4), DðLÞp6 and so w0ðLÞp7:
Give L an equitable proper edge colouring with 7 colours. It follows that the
colour classes are of sizes 1 and 2, and we let M be the graph obtained from
L by deleting the edges in a colour class of size 2. Hence eðMÞ ¼ 10 and w0ðMÞp6:
We claim that M satisﬁes the conditions of Lemma 4.2 with n ¼ 3u  2: Condition
(1)(ii) is immediate. We have e þ uw  wðw  1Þ  3eðMÞ ¼ 12þ 90 30 30 ¼
42o51 ¼ ZðJ1
2
ðv þ 1ÞnÞ; so condition (2) is satisﬁed. For all xAU ;
degMðxÞXdegLðxÞ  1: So we have degLðxÞ þ w  2degMðxÞpw þ 2 ¼ 8o11 ¼
J1
2
ðv þ 1Þn; and condition (3) is satisﬁed. Hence by Lemma 4.3, ðU ; AÞ has an
embedding of order 43.
The case ðu; eÞ ¼ ð15; 24Þ: Let M2 be the subgraph of L given by Lemma 5.3 and
let M be the graph obtained from M2 by deleting some edge. Then eðMÞ ¼ 11;
w0ðMÞpw and for all xAU ; degMðxÞX12 degLðxÞ  2: We claim that M satisﬁes the
conditions of Lemma 4.2 with n ¼ 3u  2: Condition (1)(ii) is immediate. We have
e þ uw  wðw  1Þ  3eðMÞ ¼ 24þ 90 30 33 ¼ 51 ¼ ZðJ1
2
ðv þ 1ÞnÞ; so condi-
tion (2) is satisﬁed. Also, since degMðxÞX12 degLðxÞ  2; we have degLðxÞ þ w 
2degMðxÞpw þ 4 ¼ 10o11 ¼ J12 ðv þ 1Þn; so condition (3) is satisﬁed. Hence by
Lemma 4.2, ðU ; AÞ has an embedding of order 43.
The case ðu; eÞ ¼ ð19; 18Þ: By Lemma 5.1 part (4) we have DðLÞp9 and so since
DðLÞ is even, we have DðLÞp8 and w0ðLÞp9: Give L an equitable proper edge
colouring with 9 colours. It follows that the colour classes are all of size 2 and we let
M be the graph obtained from L by deleting the edges in two colour classes. Hence
eðMÞ ¼ 14 and w0ðMÞp7: We claim that M satisﬁes the conditions of Lemma 4.2
with n ¼ 3u  2: Condition (1)(ii) is immediate. We have e þ uw  wðw  1Þ 
3eðMÞ ¼ 18þ 152 56 42 ¼ 72o84 ¼ ZðJ1
2
ðv þ 1ÞnÞ; so condition (2) is satisﬁed.
For all xAU ; degMðxÞXdegLðxÞ  2: So we have degLðxÞ þ w  2degMðxÞpw þ 4 ¼
12o14 ¼ J1
2
ðv þ 1Þn; and condition (3) is satisﬁed. Hence by Lemma 4.2, ðU ; AÞ has
an embedding of order 55. &
Lemma 6.4. Let ðu; eÞAfð11; 16Þ; ð11; 19Þ; ð23; 37Þg and let ðU ; AÞ be an mPSTSðuÞ
with leave L of size e: Then ðU ; AÞ has an embedding of order 3u:
Proof. Case ðu; eÞ ¼ ð11; 16Þ: If m is the number of components of odd size in L;
then m ¼ 0 by Lemma 5.2. We construct a subgraph M of L satisfying the conditions
of Lemma 4.2 with n ¼ 3u: Let M1 be the subgraph of L given by Lemma 5.3 so that
eðM1Þ ¼ 8 and w0ðM1Þp4: Give M1 an equitable proper edge colouring g with colour
set fb1; b2;y; b5g: We can assume that g½b1 ¼ 1: Let M be the graph obtained from
M1 by removing the edge coloured b1: We have eðMÞ ¼ 7 and w0ðMÞp4; so
condition (1)(iii) of Lemma 4.2 is satisﬁed. Also, e þ uw  wðw  1Þ  3eðMÞ ¼
16þ 55 20 21 ¼ 30pZðJ1
2
ðv þ 1ÞnÞ ¼ 36; so condition (2) of Lemma 4.2 is
satisﬁed. For all xAU we have degMðxÞXdegM1ðxÞ  1 ¼ 12 degLðxÞ  1 from which
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it follows that degLðxÞ þ w  2degMðxÞpw þ 2 ¼ 7; so condition (3) of Lemma 4.2
is satisﬁed and ðU ; AÞ has an embedding of order 33.
The case ðu; eÞ ¼ ð11; 19Þ: If m is the number of components of odd size in L then
m ¼ 1 by Lemma 5.2. Let M be the subgraph M2 of L given by Lemma 5.3. We
claim that M satisﬁes the conditions of Lemma 4.3 with n ¼ 3u: Condition (1) is
immediate. We have 1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞ ¼ 6; so condition (2) is
satisﬁed. Conditions (3) and (5) are immediate from the bounds on degMðxÞ given in
Lemma 5.3. Finally, conditions (7),(9) and (11) are satisﬁed since 4eðMÞ ¼ 36; wðu 
2w  3Þ þ 2e þ 2e2wþ1 ¼ 36; wðu  3w  1Þ þ 2e þ 2e2wþ1 ¼ 21 and 2e  wðu þ 2Þ þ
5u  8 ¼ 20: Hence by Lemma 4.3 ðU ; AÞ has an embedding of order 33.
The case ðu; eÞ ¼ ð23; 37Þ: Let M be the subgraph M3 of L given by Lemma 5.3
with f ¼ eðMÞ ¼ 15: Clearly f is in the required range. We claim that M satisﬁes the
conditions of Lemma 4.3 with n ¼ 3u: Condition (1) is immediate. We have 1
2
wð2u 
3w  3Þ þ e2wþ1 þ e  3eðMÞ ¼ 51; so condition (2) is satisﬁed. Conditions (3) and
(5) are immediate from the bounds on degMðxÞ given in Lemma 5.3. Finally,
conditions (7),(9) and (11) are satisﬁed since 4eðMÞ ¼ 60; wðu  2w  3Þ þ 2e þ
2e2wþ1 ¼ 60; wðu  3w  1Þ þ 2e þ 2e2wþ1 ¼ 39 and 2e  wðu þ 2Þ þ 5u  8 ¼ 94:
Hence by Lemma 4.3, ðU ; AÞ has an embedding of order 69. &
Lemma 6.5. Let uAf13; 19g; let eAf24; 27; 30g when u ¼ 13; let eAf30; 33; 36; 39; 42g
when u ¼ 19; and let ðU ; AÞ be an mPSTSðuÞ with leave L of size e: Then ðU ; AÞ has an
embedding of order 3u  2:
Proof. Let w ¼ 1
2
ðu  3Þ and let m be the number of components of odd size in L:
We embed ðU ; AÞ in a partial Steiner triple system ðV ; BÞ of order v ¼ u þ w; and
then embed ðV ; BÞ in an STSð2v þ 1Þ using Lemma 3.3 with t ¼ u  2: Since 2v þ
1 ¼ 3u  2; this yields the required embedding of ðU ; AÞ: Let M be the subgraph M3
of L given by Lemma 5.3 with f ¼ 1
2
ðe  mÞ so that eðMÞ ¼ 1
2
ðe  mÞ; w0ðMÞp1
2
ðu 
3Þ and degMðxÞAf12 degLðxÞ  1; 12 degLðxÞg: By Lemma 5.2, mp1 for u ¼ 13 and
mp2 for u ¼ 19: This implies that m ¼ 1 when e is odd, m ¼ 0 when e is even and
u ¼ 13; and mAf0; 2g when e is even and u ¼ 19: Let W ¼ fb1; b2;y; bwg where
W-U ¼ |; and let V ¼ U,W so that jV j ¼ u þ w ¼ v: Give M an equitable
proper edge colouring g with colours b1; b2;y; bw; and let S1 ¼
ffx; y; gðxyÞg : xyAEðMÞg: We can assume that g½b1pg½b2p?pg½bw:
Let t ¼ 4 if u ¼ 19; let t ¼ 2 if u ¼ 13 and eAf24; 27g; and let t ¼ 1 if u ¼ 13 and
e ¼ 30: Also, let h ¼ 6 if u ¼ 13; and let h ¼ 36 1
2
ðe  3mÞ if u ¼ 19: When u ¼ 19;
since 0pmp2 and 30pep42; we have 15php24: Let ðW ; S2Þ be a PSTSðwÞ with
jS2j ¼ h3 and having a leave H such that H has a matching of size t: Since an
MPSTS(5) has two triples and a 4-cycle leave, and since an MPSTS(8) has eight
triples and leave consisting of four independent edges, it is clear that such a PSTSðwÞ
exists. Let F be a matching of size t in H:
For each edge bibjAEðFÞ; we construct a triple fbi; bj ; xkg where xkAU such that
for all edges xkyAEðMÞ; gðxkyÞefbi; bjg: Moreover, we choose a distinct xk for each
bibjAEðFÞ: We need to show that a suitable set fx1; x2;y; xtg exists. In fact, we
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show that the number of choices for xk; k ¼ 1; 2;y; t; is sufﬁciently large that we
can choose our set arbitrarily. A symbol x is available to put in a triple with bi and bj
unless
* x has already been put in a triple of this type; or
* gðxyÞAfbi; biþ1g for some edge xyAEðMÞ:
There are at most t 1 elements x for which x has already been put in a triple of this
type, and at most 2g½bi þ 2g½bj elements x for which gðxyÞAfbi; bjg for some edge
xyAEðMÞ:
In the case u ¼ 19; eðMÞp21; so g½bip3 for i ¼ 1; 2;y; w: Hence, since t ¼ 4; the
number of elements of U which are unavailable to put in a triple is at most 3þ 6þ
6 ¼ 15; and so since u ¼ 19; we can arbitarily choose our set fx1; x2;y; xtg from
available elements.
In the case u ¼ 13 and e ¼ 24; we have eðMÞ ¼ 12;
ðg½b1; g½b2; g½b3; g½b4; g½b5Þ ¼ ð2; 2; 2; 3; 3Þ
and t ¼ 2: Hence we can choose b1b2 and b3b4 as the edges in F so that the number
of elements of U which are unavailable to put in a triple is at most 1þ 4þ 6 ¼ 11:
In the case u ¼ 13 and e ¼ 27; we have eðMÞ ¼ 13;
ðg½b1; g½b2; g½b3; g½b4; g½b5Þ ¼ ð2; 2; 3; 3; 3Þ
and t ¼ 2: Hence we can choose b1b3 and b2b4 as the edges in F so that the number
of elements of U which are unavailable to put in a triple is at most 1þ 4þ 6 ¼ 11:
In the case u ¼ 13 and e ¼ 30; we have eðMÞ ¼ 15;
ðg½b1; g½b2; g½b3; g½b4; g½b5Þ ¼ ð3; 3; 3; 3; 3Þ
and t ¼ 1: So the number of elements of U which are unavailable to put in a triple is
at most 6þ 6 ¼ 12:
In each of the three cases for u ¼ 13; the maximum number of elements of U
which are unavailable to put in a triple is less than 13 and so we can arbitrarily
choose our set fx1; x2;y; xtg from available elements.
Let S3 be the set of triples fbi; bj; xkg for k ¼ 1; 2;y; t: Then ðV ; A,S1,S2,S3Þ
is a PSTSðvÞ; with leave G0 say. Hence, by Lemma 4.2, ðU ; AÞ can be embedded in a
partial Steiner triple system ðV ; BÞ with leave G such that eðGÞ ¼ eðG0Þ; degGðxÞ ¼
degG0ðxÞ for all xAU ; and jdegGðxÞ  degGðyÞjp2 for all x; yAW : We claim that
ðV ; BÞ satisﬁes the conditions of Lemma 3.3 with t ¼ u  2: First we need to show
that eðGÞ ¼ 1
2
ðu  2Þðu  3Þ  eu2: That is, that eðGÞ ¼ 51 when u ¼ 13 and eðGÞ ¼
132 when u ¼ 19: Now, eðGÞ ¼ e þ uw þ 1
2
wðw  1Þ  3jBj and jBj ¼ eðMÞ þ tþ h
3
: It
follows that eðGÞ ¼ 69 e
2
þ 3m
2
 3t when u ¼ 13; and eðGÞ ¼ 132 when u ¼ 19:
Since e
2
 3m
2
þ 3t ¼ 18 for each value of e when u ¼ 13; we have eðGÞ ¼ 1
2
ðu 
2Þðu  3Þ  eu2:
We now consider the degrees of the vertices in G and show that conditions (2)–(4)
of Lemma 3.3 are satisﬁed. First suppose xAU : Then degGðxÞ ¼ degLðxÞ þ w 
2degMðxÞ if xefx1; x2;y; xtg; and degGðxÞ ¼ degLðxÞ þ w  2degMðxÞ  2 if
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xAfx1; x2;y; xtg: Now, degMðxÞAf12 degLðxÞ  1; 12 degLðxÞg; so it follows that w 
2pdegGðxÞpw þ 2: That is, 3pdegGðxÞp7 when u ¼ 13; and 6pdegGðxÞp10 when
u ¼ 19: Moreover, when u ¼ 13; mp1 and so there is at most one vertex of degree 7;
and hence at least 12 of degree at most 5.
Now suppose xAW : It is clear that SGðUÞ ¼ 2eðLÞ þ uw  4eðMÞ  2t; and since
we know eðGÞ; it is straightforward to calculate that
SGðWÞ ¼
41 for u ¼ 13 and e ¼ 24;
39 for u ¼ 13 and eAf27; 30g;
120 2m for u ¼ 19:
8><
>:
Since jdegGðxÞ  degGðyÞjp2 for all xAW ; it follows that 7pdegGðxÞp9 for u ¼
13; and 14pdegGðxÞp16 for u ¼ 19:
It is clear from the above observations on the degrees of the vertices in G that
conditions (2)–(4) of Lemma 3.3 are satisﬁed. Condition (4)(ii) is satisﬁed for u ¼ 13;
and condition (4)(i) is satisﬁed for u ¼ 19: Hence by Lemma 3.3, ðV ; BÞ has an
embedding of order 3u  2; which is also an embedding of ðU ; AÞ: &
7. Embeddings for leaves of small size
In this section we prove two lemmas. The ﬁrst gives an embedding of order 3u  2
for any mPSTSðuÞ having a leave of size up to about 2u or 5
2
u; depending on the
congruence class of u modulo 4. The second gives an embedding of order 3u for any
mPSTSðuÞ having a leave L of size e up to about 3
2
u or 5
4
u; again depending on the
congruence class of u modulo 4. The proofs are based on Lemma 4.2. In order to
prove that condition (2) of Lemma 4.2 is satisﬁed, it is convenient to deﬁne functions
k and a as follows.
Deﬁnition. Let u be odd, let nAf3u  2; 3ug; let e be a positive integer and let M be a
graph. We deﬁne the functions
kðuÞ ¼ knðuÞ ¼ Z 1
2
ðv þ 1Þ
  	
 uw þ wðw  1Þ
and
aðuÞ ¼ an;e;MðuÞ ¼ kðuÞ þ 3eðMÞ  e;
where w ¼ 1
2
ðu  3Þ if n ¼ 3u  2; w ¼ 1
2
ðu  1Þ if n ¼ 3u; and v ¼ u þ w:
It is clear that condition (2) of Lemma 4.2 is satisﬁed precisely when aX0: The
function k is the part of a that depends only on u (and whether we are after an
embedding of order 3u  2 or 3u). That is, k is independent of the size of L and the
subgraph M of L that we choose.
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Lemma 7.1. Let uX11 be odd, let ðU ; AÞ be an mPSTSðuÞ with leave L; let e ¼ eðLÞ;
and let epemax where
emax ¼
2u þ 7 for u  1 ðmod 12Þ;
1
2
ð5u  27Þ for u  3 ðmod 12Þ;
2u  9 for u  5; 9 ðmod 12Þ;
1
2
ð5u  11Þ for u  7 ðmod 12Þ;
1
2
ð5u  23Þ for u  11 ðmod 12Þ:
8>>>><
>>>:
Then ðU ; AÞ has an embedding of order 3u  2:
Proof. Let m be the number of components of odd size in L: The result holds for
ep4 by Lemma 6.1, so we can assume eX6 for u  1; 3 ðmod 6Þ and eX7 for u 
5 ðmod 6Þ: We shall apply Lemma 4.2 with n ¼ 3u  2 and with various subgraphs M
of L: It is straightforward to evaluate ZðJ1
2
ðv þ 1ÞnÞ; and hence kðuÞ; for each
congruence class of u modulo 8: Doing so, we obtain
kðuÞ ¼
1
32
ðu2  22u þ 117Þ for u  1 ðmod 8Þ;
1
32
ðu2  46u þ 129Þ for u  3 ðmod 8Þ;
1
32
ðu2  34u þ 81Þ for u  5 ðmod 8Þ;
1
32
ðu2  34u  3Þ for u  7 ðmod 8Þ:
8>><
>>:
It is worth noting that kðuÞX0 for all uX11 except
uAf11; 13; 15; 19; 21; 23; 27; 29; 31; 35g
and that
kð11Þ ¼ 8; kð13Þ ¼ 6; kð15Þ ¼ 9; kð19Þ ¼ 12; kð21Þ ¼ 6;
kð23Þ ¼ 8; kð27Þ ¼ 12; kð29Þ ¼ 2; kð31Þ ¼ 3; kð35Þ ¼ 8:
We also note that J1
2
ðv þ 1Þn ¼ J1
2
ð3w þ 4Þn: The proof splits into three cases
depending on the size e of L:
The case 6pepu  4: Let M ¼ L: By Lemma 5.1 part (4), DðLÞp1
2
ðu  4Þ: Since u
is odd, this implies w0ðLÞp1
2
ðu  3Þ ¼ w: Also, eðMÞpu  4ou  3 ¼ 2w; so
condition (1)(ii) holds. We now show that condition (2) holds. Since M ¼ L; eðMÞ ¼
e and it follows that aðuÞ ¼ kðuÞ þ 2e: Since eX6 and kðuÞX 12; we have aðuÞX0:
Conditions (3) and (4) are immediate. Hence by Lemma 4.2 ðU ; AÞ has an
embedding of order 3u  2:
The case u  3pep2u  7 m: Let M be the subgraph M1 of L given by Lemma
5.3, so w0ðMÞp1
2
ðu  3Þ ¼ w: Now, ep2u  7 m implies eo2u  6 m; from
which it follows that eðMÞo2w; so condition (1)(ii) holds.
We now show that condition (2) holds. Since eðMÞ ¼ 1
2
ðe þ mÞ; we have aðuÞ ¼
kðuÞ þ e
2
þ 3m
2
: Noting that eXu  3 and mX0; we have aðuÞXkðuÞ þ 1
2
ðu  3Þ: It
is straightforward to check that kðuÞ þ 1
2
ðu  3ÞX0 except for uAf11; 13; 15; 19g:
For u ¼ 11; 2u  7 mp15; so the only cases to consider are e ¼ 10 and e ¼ 13:
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The case e ¼ 10 is covered by Lemma 6.3. When e ¼ 13; mX1 and so aðuÞX0: For
u ¼ 13; we have eX10 which implies eX12: Hence, since kðuÞ ¼ 6; we have
aðuÞX0: For u ¼ 15; kðuÞ ¼ 9 and so aðuÞX0 for eX18; leaving only the cases
e ¼ 12 and e ¼ 15: The case e ¼ 12 is covered by Lemma 6.3. When e ¼ 15; mX1
and so aðuÞX0: For u ¼ 19; kðuÞ ¼ 12 and so aðuÞX0 for eX24; leaving only the
cases e ¼ 18 and e ¼ 21: The case e ¼ 18 is covered by Lemma 6.3 and when e ¼ 21;
mX1 and we have aðuÞ ¼ 0: Hence condition (2) holds.
Since degMðxÞX12 degLðxÞ for all xAU ; condition (3) is immediate. Since eXu  3;
condition (4) is also immediate. Hence by Lemma 4.2, ðU ; AÞ has an embedding of
order 3u  2:
The case 2u  6 mpepemax: We begin by settling the cases u ¼ 11; 13; 15; 17 and
19. If u ¼ 11; then emax ¼ 16 and 2u  6 mX14 (since mp2), so the only case left is
e ¼ 16 and this is covered by Lemma 6.3. If u ¼ 13; then emax ¼ 33 and 2u  6
mX18 (since mp2), so the only cases left are e ¼ 18; 21;y; 33 and these are covered
by Lemma 6.3 and Lemma 6.5. If u ¼ 15; then emax ¼ 24 and eX2u  6 m implies
eX24 (since by Lemma 5.2, mp3 and mp2 for eX21), so the only case left is e ¼ 24:
This case is covered by Lemma 6.3. If u ¼ 17; then emax ¼ 25 and eX2u  6 m
implies eX28 (since by Lemma 5.2, mp3 and mp2 for eX25), so all the cases are
covered. If u ¼ 19 then mp3 and 2u  6 mX29: Since emax ¼ 42 the only cases left
are e ¼ 30; 33;y; 42 and these are covered by Lemma 6.5.
Hence we can assume uX21: We construct our subgraph M of L as follows.
Firstly, let M1 be the subgraph of L given by Lemma 5.3 and give M1 an equitable
proper edge colouring g with colour set fb1; b2;y; bwg: We can assume that
g½bipg½bj for ioj: Let M be the subgraph of M1 obtained by deleting the edges
coloured b2 and the edges coloured b3:
We show that M satisﬁes condition (1)(i) of Lemma 4.2. Clearly, w0ðMÞpw  2;
and eðMÞo3ðw  2Þ if eðM1Þo3w: Since eðM1Þ ¼ 12 ðe þ mÞ; it follows that
eðM1Þo3w if and only if 3u  9 e  m40: For u  3 ðmod 4Þ; we have ep12 ð5u 
11Þ; from which it follows that 3u  9 e  mX1
2
ðu  7Þ  m: Since mpu
5
and uX21;
1
2
ðu  7Þ  m is positive. For u  1 ðmod 4Þ; we have ep2u þ 7; from which it
follows that 3u  9 e  mXu  16 m: Since mpu
5
and uX21; u  16 m is
positive. Hence condition (1)(i) of Lemma 4.2 holds.
We now show that condition (2) of Lemma 4.2 holds. Since eðM1Þ ¼ 12 ðe þ mÞ and
since eðMÞ ¼ eðM1Þ  g½b2  g½b3 it follows that
aðuÞ ¼ kðuÞ þ e
2
þ 3m
2
 3g½b2  3g½b3:
Now, it is easily shown that g½b2 ¼ IeðM1Þþ1w mpeðM1Þþ1w and that g½b3 ¼
IeðM1Þþ2
w
mpeðM1Þþ2
w
; from which it follows that
aðuÞXkðuÞ þ 1
2ðu  3Þ ðeðu  15Þ þ 3mðu  7Þ  36Þ:
Since eX2u  6 m; we have aðuÞXkðuÞ þ u  15þ m  18
u3; from which it is easy
to see that aðuÞX0 except possibly for u ¼ 21; 23 and 27. Coincidently, for u ¼ 21; 23
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and 27 we have kðuÞ þ u  15 ¼ 0; so aðuÞX0 for mX1: In particular, we have
aðuÞX0 whenever e is odd and it follows that the only cases left to check are
ðu; eÞAfð23; 40Þ; ð23; 46Þ; ð27; 48Þ; ð27; 54Þg with m ¼ 0: For these cases, the approx-
imations eX2u  6 m; g½b2peðM1Þþ1w and g½b3peðM1Þþ2w are not sufﬁcient to show
that aðuÞX0: However, one can easily determine the exact value of aðuÞ using g½b2 ¼
IeðM1Þþ1
w
m and g½b3 ¼ IeðM1Þþ2w m; and verify that aðuÞX0: Hence condition (2) holds.
We now show that condition (3) of Lemma 4.2 holds. For all xAU ;
degM1ðxÞX12 degLðxÞ; so degMðxÞX12 degLðxÞ  2: Hence we have degLðxÞ þ w 
2degMðxÞpw þ 4; which is less than 12 ðv þ 1Þ ¼ 12 ð3w þ 4Þ (since uX21 implies
wX9). Hence condition (3) holds and by Lemma 4.2, ðU ; AÞ has an embedding of
order 3u  2: &
Lemma 7.2. Let uX11 be odd, let ðU ; AÞ be an mPSTSðuÞ with leave L; let e ¼ eðLÞ;
and let epemax where
emax ¼
1
4
ð5u  5Þ for u  1 ðmod 12Þ;
1
2
ð3u  3Þ for u  3; 7 ðmod 12Þ;
1
4
ð5u þ 15Þ for u  5 ðmod 12Þ;
1
4 ð5u þ 3Þ for u  9 ðmod 12Þ;
1
2
ð3u þ 5Þ for u  11 ðmod 12Þ:
8>>>><
>>>>:
Then ðU ; AÞ has an embedding of order 3u:
Proof. The result holds for ep4 by Lemma 6.1, so we can assume eX6 for u 
1; 3 ðmod 6Þ and eX7 for u  5 ðmod 6Þ: We shall apply Lemma 4.2 with n ¼ 3u and
with various subgraphs M of L: It is straightforward to evaluate ZðJ1
2
ðv þ 1ÞnÞ; and
hence kðuÞ; for each congruence class of u modulo 8: Doing so, we obtain
kðuÞ ¼
1
32
ðu  1Þðu  21Þ for u  1 ðmod 8Þ;
1
32
ðu  3Þðu  7Þ for u  3 ðmod 8Þ;
1
32
ðu2  34u  15Þ for u  5 ðmod 8Þ;
1
32
ðu2  22u þ 9Þ for u  7 ðmod 8Þ:
8>><
>>:
It is worth noting that kðuÞX0 for all uX11 except
uAf13; 15; 17; 21; 29g
and that
kð13Þ ¼ 9; kð15Þ ¼ 3; kð17Þ ¼ 2; kð21Þ ¼ 9; kð29Þ ¼ 5:
We also note that J1
2
ðv þ 1Þn ¼ J1
2
ð3w þ 2Þn: The proof splits into three cases
depending on the size e of L:
The case 6pep1
2
ðu  1Þ: Let M ¼ L: By Lemma 5.1 part (4), DðLÞp1
4
ðu  1Þ; so
w0ðLÞpw and condition (1)(iv) holds. Since M ¼ L; eðMÞ ¼ e and aðuÞ ¼ kðuÞ þ 2e:
Since eX6 and kðuÞX 9; aðuÞX0: Hence condition (2) holds. Since M ¼ L; for all
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xAU ; we have degLðxÞ þ w  2degMðxÞpwo12 ð3w þ 2Þ; so condition (3) holds.
Hence by Lemma 4.2, ðU ; AÞ has an embedding of order 3u:
The case 1
2
ðu þ 1Þpepu: By Lemma 5.1 part (4), DðLÞpu
2
and so DðLÞpw and
w0ðLÞpw þ 1: Give L an equitable proper edge colouring g with colour set
fb1; b2;y; bwþ1g: We can assume g½b1pg½b2p?pg½bwþ1: Since epu;
e
wþ1p 2uuþ1o2; so g½b1p1 and g½bip2 for i ¼ 2; 3;y; w þ 1: Let M be the graph
obtained from L by removing the edges coloured b2 or b3: We claim that M satisﬁes
the conditions of Lemma 4.2.
First we show that M satisﬁes condition (1)(iii) of Lemma 4.2. Clearly,
w0ðMÞpw  1: Since epu and g½b2; g½b3p2; it follows that eðMÞpu  4 ¼ 2ðw 
1Þ  1o2ðw  1Þ; so condition (1)(iii) holds.
We now show that condition (2) is satisﬁed. Since we have g½b2; g½b3p2;
eðMÞXe  4 and so aðuÞXkðuÞ þ 2e  12: We also have eX1
2
ðu þ 1Þ; so
aðuÞXkðuÞ þ u  11: Since uX11 and kðuÞX0 for uef13; 15; 17; 21; 29g; we have
aðuÞX0 except possibly for uAf13; 15; 17; 21; 29g: Moreover, it is straightforward to
check that kðuÞ þ u  11X0 for uAf15; 17; 21; 29g; leaving only the case u ¼ 13: For
u ¼ 13; eX9 and kðuÞ ¼ 9: If e ¼ 9; then g½bi ¼ 1 for i ¼ 1; 2;y; 5 and g½b6 ¼
g½b7 ¼ 2: Hence eðMÞ ¼ 7 and aðuÞ ¼ 9þ 21 9 ¼ 3X0: If u ¼ 13 and eX12;
then since aðuÞXkðuÞ þ 2e  12; we have aðuÞX 9þ 24 12X0: Hence condition
(2) is satisﬁed.
We now show that condition (3) is satisﬁed. For xAU ; degMðxÞXdegLðxÞ  2
(since two colour classes only are removed from L to obtain M), so degLðxÞ þ w 
2degMðxÞpw  degLðxÞ þ 4: Hence, degLðxÞ þ w  2degMðxÞpw þ 2 unless
degLðxÞ ¼ 0: But if degLðxÞ ¼ 0; then degMðxÞ ¼ 0 and degLðxÞ þ w 
2degMðxÞpw: Hence, in either case degLðxÞ þ w  2degMðxÞpw þ 2: Since uX11;
we have wX5; so w þ 2o1
2
ð3w þ 2Þ ¼ 1
2
ðv þ 1Þ and condition (3) holds. Hence by
Lemma 4.2, ðU ; AÞ has an embedding of order 3u:
The case u þ 1pepemax: Let M be the subgraph M1 of L given by Lemma 5.3. So
eðMÞ ¼ 12 ðe þ mÞ where m is the number of components of odd size in L: We show
that M satisﬁes condition (1)(iii) of Lemma 4.2. By Lemma 5.3, we have
w0ðMÞp1
2
ðu  3Þ ¼ w  1: Now, eðMÞ ¼ 1
2
ðe þ mÞ and so since mpu
5
; eðMÞpe
2
þ u
10
:
Since epemax; it follows that eðMÞpemax2 þ u10: By substituting the value of emax for
each congruence class of u modulo 12, we see that
eðMÞpemax
2
þ u
10
pu  4ou  3 ¼ 2ðw  1Þ
except possibly for uAf11; 15; 17; 19; 23g: For these values of u we need to consider
the exact values of e and m to show that eðMÞpu  4:
When u ¼ 11; emax ¼ 19 and the cases e ¼ 16 and e ¼ 19 are covered by Lemma
6.4. So the only case to consider is e ¼ 13: When u ¼ 11 and e ¼ 13; m ¼ 1 and so
eðMÞ ¼ 7pu  4: When u ¼ 15; eXu þ 1 implies eX18; so since emax ¼ 21; e ¼ 18 or
e ¼ 21: Also, for u ¼ 15 it follows from Lemma 5.2 that mp2 for these values of e: If
e ¼ 21 then m ¼ 1 and eðMÞ ¼ 11pu  4; and if e ¼ 18 then eðMÞp10pu  4:
When u ¼ 17; emax ¼ 25: If u ¼ 17 and m ¼ 3 then it is clear that L is the vertex
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disjoint union of three 5-cycles and two isolated vertices, or L is the vertex disjoint
union of two 5-cycles and a 7-cycle. Neither of these is possible since e  1 ðmod 3Þ:
Hence mp2 for u ¼ 17: If e ¼ 25 then m ¼ 1 and eðMÞ ¼ 13pu  4; and if ep22
then eðMÞp12pu  4: When u ¼ 19; emax ¼ 27 and mp3; and we have
eðMÞp15pu  4: When u ¼ 23; emax ¼ 37 and the case e ¼ 37 is covered by
Lemma 6.4. So we can assume ep34: Then, since mp4; eðMÞp19pu  4: Hence
condition (1)(iii) of Lemma 4.2 holds.
We now show that condition (2) of Lemma 4.2 holds. Since mX0; eðMÞXe
2
; so
aðuÞXkðuÞ þ 32 e  e ¼ kðuÞ þ e2: Also, since eXu þ 1; aðuÞXkðuÞ þ 12 ðu þ 1Þ: Since
aðuÞX0 for uef13; 15; 17; 21; 29g we have aðuÞX0 except possibly for these values of
u: Moreover, it is easy to check that kðuÞ þ 1
2
ðu þ 1ÞX0 for u ¼ 15; 17; 21 and 29,
leaving only the case u ¼ 13: When u ¼ 13; kðuÞ ¼ 9 and the only value of e 
0 ðmod 3Þ in the range u þ 1pepemax is e ¼ 15: When e ¼ 15; m ¼ 1 and eðMÞ ¼ 8;
so aðuÞ ¼ 9þ 24 15 ¼ 0: Hence condition (2) holds.
We now show that condition (3) holds. By Lemma 5.3, degMðxÞX12 degLðxÞ; so
degLðxÞ þ w  2degMðxÞpwo12 ð3w þ 2Þ ¼ 12 ðv þ 1Þ: Hence condition (3) holds and
ðU ; AÞ has an embedding of order 3u: &
8. Embeddings for leaves of large size
In this section we prove two lemmas on embeddings of a mPSTSs of order u: The
ﬁrst gives an embedding of order 3u  2 in the cases where the size of the leave is
larger than what is covered by Lemma 7.1. The second gives an embedding of order
3u in the cases where the size of the leave is larger than what is covered by Lemma
7.2. The proofs are based on Lemma 4.3.
Lemma 8.1. Let uX11 be odd and let ðU ; AÞ be an mPSTSðuÞ: Then ðU ; AÞ has an
embedding of order 3u  2:
Proof. Let L be the leave of ðU ; AÞ and let e ¼ eðLÞ: By Lemma 7.1, the result holds
for epemin  3 where
emin ¼
2u þ 10 for u  1 ðmod 12Þ;
1
2
ð5u  21Þ for u  3 ðmod 12Þ;
2u  6 for u  5; 9 ðmod 12Þ;
1
2
ð5u  5Þ for u  7 ðmod 12Þ;
1
2
ð5u  17Þ for u  11 ðmod 12Þ:
8>>>><
>>>:
Since emin  0 ðmod 3Þ if u  0; 1 ðmod 3Þ; and emin  1 ðmod 3Þ if u  2 ðmod 3Þ; we
will assume eXemin:
The proof uses Lemma 4.3, so let w; K ; W ; V and v be as deﬁned in Lemma 4.3,
and let m be the number of components of odd size in L: For u  3 ðmod 4Þ; let M be
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the subgraph M1 of L given by Lemma 5.3 and for u  1 ðmod 4Þ; let M be the
subgraph M2 of L given by Lemma 5.3. So eðMÞ ¼ e2 þ c where
c ¼
m
2
for u  3 ðmod 4Þ;
0 for u  1 ðmod 4Þ and e even;
1
2
for u  1 ðmod 4Þ and e odd:
8><
>:
By Lemma 5.3, w0ðMÞpw; so condition (1) of Lemma 4.3 is satisﬁed.
We now check that condition (2) of Lemma 4.3 is satisﬁed. Let
h ¼ 1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞ:
We need to show that 0phpZðwÞ: Since w ¼ 1
2
ðu  3Þ; we have
h ¼ 1
8
ðu  3Þðu þ 3Þ þ eu2 þ e  3eðMÞ:
Now, eðMÞ ¼ e
2
þ c; so
h ¼ 1
8
ðu  3Þðu þ 3Þ þ eu2  e
2
 3c:
We now show that hX0: First suppose cp1
2
: Then ep1
4
ðu  1Þ2 (by Theorem 2.2)
and eu2X0 imply that hX14 ðu  11Þ; so hX0 for uX11: Now suppose c412: Then
mX2; h ¼ 1
8
ðu  3Þðu þ 3Þ  e
2
 3m
2
þ eu2; and by Lemma 5.2, ep14 ðu2  10u þ 50Þ:
It follows from ep1
4
ðu2  10u þ 50Þ and mpu
5
(see Lemma 5.2) that e
2
þ 3m
2
p 1
40
ð5u2 
38u þ 250Þ and hence, since eu2X0; that hX 140 ð38u  295Þ: This is positive since
uX11:
We now show that hpZðwÞ: It is straightforward to calculate that
ZðwÞ ¼ Zð1
2
ðu  3ÞÞ ¼
1
8
ðu  3Þðu  5Þ  4 for u  1 ðmod 12Þ;
1
8
ðu  3Þðu  7Þ for u  3; 7 ðmod 12Þ;
1
8
ðu  3Þðu  5Þ for u  5; 9 ðmod 12Þ;
1
8
ðu  3Þðu  7Þ  1 for u  11 ðmod 12Þ
8>><
>>:
from which it follows that
ZðwÞ  h ¼
e
2
þ 3c u  5 for u  1 ðmod 12Þ;
e
2
þ 3c 1
4
ð5u  15Þ for u  3 ðmod 12Þ;
e
2
þ 3c u þ 3 for u  5; 9 ðmod 12Þ;
e
2
þ 3c 1
4
ð5u þ 1Þ for u  7 ðmod 12Þ;
e
2
þ 3c 1
4
ð5u  11Þ for u  11 ðmod 12Þ:
8>>><
>>>>:
Substituting the value of emin; for each of the congruence classes of u modulo 12, in
the above expression yields ZðwÞ  h ¼ 0: Note that for u  1 ðmod 4Þ; emin is even
and c ¼ 0; and that for u  3 ðmod 4Þ; emin is odd and cX12: Hence it follows that
hpZðwÞ for eXemin and condition (2) of Lemma 4.3 is satisﬁed.
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Conditions (3) and (4) of Lemma 4.3 follow immediately from the bounds on
degMðxÞ given by Lemma 5.3. We now show that conditions (6) and (7) of Lemma
4.3 are satisﬁed. Since w ¼ 1
2
ðu  3Þ and eðMÞ ¼ e
2
þ c; it follows that
wðu  2w  2Þ þ 2e þ 2e2wþ1  4eðMÞ ¼ 1
2
ðu  3Þ þ 2eu2  4c
and
wðu  2w  3Þ þ 2e þ 2e2wþ1  4eðMÞ ¼ 2eu2  4c:
Now, v is odd precisely when u  3 ðmod 4Þ and v is even precisely when u 
1 ðmod 4Þ: If v is odd then c ¼ m
2
and it follows from mpu
5
that
1
2
ðu  3Þ þ 2eu2  4cX 1
10
ðu  15þ 20eu2Þ:
Hence condition (6) holds for uX15: For u ¼ 11 and u ¼ 13; we have mp2 which
implies cp1; so again we have 1
2
ðu  3Þ þ 2eu2  4cX0 and condition (6) also
holds for u ¼ 11 and u ¼ 13: If v is even then cp0 implies 2eu2  4cX0; so
condition (7) is satisﬁed.
We now show that condition (8) of Lemma 4.3 is satisﬁed. Since w ¼ 1
2
ðu  3Þ and
eðMÞ ¼ e
2
þ c; it follows that
4eðMÞ  ðwðu  3w  3Þ þ 2e þ 2e2wþ1Þ ¼ 1
4
ðu  3Þ2 þ 4c 2eu2:
Since cX 1
2
and eu2p4 it follows that
1
4
ðu  3Þ2 þ 4c 2eu2X1
4
ðu  3Þ2  10
which is positive since uX11: Hence condition (8) of Lemma 4.3 holds.
Finally, we show that conditions (10) and (11) are satisﬁed. If 2w þ 1  5 ðmod 6Þ
then u  1 ðmod 6Þ; so uX13: Since uX13; 6u  10X5u  8 and so if 4eðMÞ  ð2e 
wðu þ 2Þ þ 6u  10Þ40; conditions (10) and (11) both hold. Since w ¼ 1
2
ðu  3Þ and
eðMÞ ¼ e
2
þ c it follows that
4eðMÞ  ð2e  wðu þ 2Þ þ 6u  10Þ ¼ 1
2
ðu2  13u þ 14þ 8cÞ:
Since cX 1
2
we have
4eðMÞ  ð2e  wðu þ 2Þ þ 6u  10ÞX1
2
ðu2  13u þ 10Þ;
which is positive since uX13: We have shown that ðU ; AÞ satisﬁes all the conditions
of Lemma 4.3 with n ¼ 3u  2; so ðU ; AÞ has an embedding of order 3u  2: &
Lemma 8.2. Let uX11 be odd and let ðU ; AÞ be an mPSTSðuÞ: Then ðU ; AÞ has an
embedding of order 3u:
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Proof. Let L be the leave of ðU ; AÞ and let e ¼ eðLÞ: By Lemma 7.2, the result holds
for epemin  3 where
emin ¼
1
4 ð5u þ 7Þ for u  1 ðmod 12Þ;
1
2
ð3u þ 3Þ for u  3; 7 ðmod 12Þ;
1
4
ð5u þ 27Þ for u  5 ðmod 12Þ;
1
4
ð5u þ 15Þ for u  9 ðmod 12Þ;
1
2
ð3u þ 11Þ for u  11 ðmod 12Þ:
8>>><
>>>>:
Since emin  0 ðmod 3Þ if u  0; 1 ðmod 3Þ; and emin  1 ðmod 3Þ if u  2 ðmod 3Þ;
we will assume eXemin: The proof uses Lemma 4.3, so let w; K ; W ; V and v be as
deﬁned in Lemma 4.3. Deﬁne
c ¼
1
8
ðu  1Þ for u  1; 9 ðmod 12Þ;
1
4
ðu  1Þ for u  3; 7 ðmod 12Þ;
1
8
ðu  5Þ for u  5 ðmod 12Þ;
1
4
ðu  9Þ for u  11 ðmod 12Þ;
8>><
>>:
let m be the number of components of odd size in L; and let M be the subgraph M3
of L given by Lemma 5.3 with f ¼ eðMÞ ¼ Ie
2
 cm: We need to check that
Ie
2
 1
4
ðu  1ÞmpIe
2
 cmp1
2
ðe  mÞ: Since cp1
4
ðu  1Þ; we have Ie
2
 1
4
ðu 
1ÞmpIe
2
 cm; so it remains to check that 1
2
ðe  mÞ  Ie
2
 cmX0: Clearly, 1
2
ðe 
mÞ  Ie
2
 cmX1
2
ðe  mÞ  ðe
2
 cÞ ¼ c m
2
and since mpu
5
; we have
1
2
ðe  mÞ  e
2
 c
j k
X
1
40
ðu  5Þ for u  1; 9 ðmod 12Þ;
1
20
ð3u  5Þ for u  3; 7 ðmod 12Þ;
1
40
ðu  25Þ for u  5 ðmod 12Þ;
1
20
ð3u  45Þ for u  11 ðmod 12Þ:
8>><
>>:
Hence we have 1
2
ðe  mÞ  Ie
2
 cmX0 for all uX11 except possibly uAf11; 17g:
For u ¼ 11; we have eX22; so by Lemma 5.2, mp1: Also, for u ¼ 11; we have c ¼ 1
2
;
and it follows that 12 ðe  mÞ  Ie2  cmX0: For u ¼ 17; c ¼ 32 and mp3; so it again
it follows that 1
2
ðe  mÞ  Ie
2
 cmX0: By Lemma 5.3, w0ðMÞp1
2
ðu  3Þow; so
condition (1) of Lemma 4.3 is satisﬁed.
We now check that condition (2) of Lemma 4.3 is satisﬁed. Let
h ¼ 1
2
wð2u  3w  3Þ þ e2wþ1 þ e  3eðMÞ:
We need to show that 0phpZðwÞ: Since w ¼ 1
2
ðu  1Þ; we have
h ¼ 1
8
ðu  1Þðu  3Þ þ eu þ e  3eðMÞ:
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Now, eðMÞ ¼ Ie
2
 cmpe
2
 c; so
hX
1
8
ðu  1Þðu  3Þ þ eu  e
2
þ 3c:
By Theorem 2.2, ep1
4
ðu  1Þ2; so we have
hXeu þ 3c 1
4
ðu  1Þ:
For u  1; 3 ðmod 6Þ; eu ¼ 0 and cX1
8
ðu  1Þ; so we have
hX
1
8
ðu  1ÞX0:
For u  5 ðmod 6Þ; eu ¼ 4 and cX1
8
ðu  9Þ; so we have
hX
1
8
ðu þ 7ÞX0:
We now check that hpZðwÞ: First note that 2c is an integer, so it follows that
eðMÞ ¼ Ie2  cmXe2  c 12; and hence that 3eðMÞ  eXe2  3c 32: Now, ZðwÞ 
h ¼ ZðwÞ  1
8
ðu  1Þðu  3Þ  eu  e þ 3eðMÞ and so, since eXemin; we have
ZðwÞ  hXZðwÞ  1
8
ðu  1Þðu  3Þ  eu þ emin
2
 3c 3
2
:
It is straightforward to substitute, for each congruence class of u modulo 12, the
values of ZðwÞ ¼ Zð1
2
ðu  1ÞÞ; eu; emin and c into this lower bound for ZðwÞ  h: In
each case the lower bound is equal to 0, so ZðwÞ  hX0 and condition (2) holds.
Conditions (3) and (5) follow immediately from the bounds on degMðxÞ given by
Lemma 5.3.
We now show that conditions (6) and (7) are satisﬁed. First suppose u  1 ðmod 4Þ
so that v is odd. Since w ¼ 1
2
ðu  1Þ and eðMÞpe
2
 c; it follows that
wðu  2w  2Þ þ 2e þ 2e2wþ1  4eðMÞX2eu  1
2
ðu  1Þ þ 4c:
For u  1; 9 ðmod 12Þ; c ¼ 1
8
ðu  1Þ and eu ¼ 0: For u  5 ðmod 12Þ; c ¼ 18 ðu  5Þ
and eu ¼ 4: In both cases it follows that
wðu  2w  2Þ þ 2e þ 2e2wþ1  4eðMÞX0:
Now suppose u  3 ðmod 4Þ so that v is even. Since w ¼ 1
2
ðu  1Þ and eðMÞpe
2
 c; it
follows that
wðu  2w  3Þ þ 2e þ 2e2wþ1  4eðMÞX2eu  ðu  1Þ þ 4c:
For u  3; 7 ðmod 12Þ; c ¼ 1
4
ðu  1Þ and eu ¼ 0: For u  11 ðmod 12Þ; c ¼ 14 ðu  9Þ
and eu ¼ 4: In both cases it follows that
wðu  2w  3Þ þ 2e þ 2e2wþ1  4eðMÞX0:
Hence conditions (6) and (7) are satisﬁed.
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We now show that condition (9) is satisﬁed. Since w ¼ 12 ðu  1Þ and eðMÞXe2 
c 1
2
; it follows that
4eðMÞ  ðwðu  3w  1Þ þ 2e þ 2e2wþ1ÞX1
4
ðu2  2u  7 16c 8euÞ:
It is straightforward to substitute, for each congruence class of u modulo 12, the
values of c and eu into this expression and verify that
4eðMÞ  ðwðu  3w  1Þ þ 2e þ 2e2wþ1ÞX0
for all relevant values of u: Hence condition (9) is satisﬁed.
Finally, we show that conditions (10) and (11) are satisﬁed. When v is odd and
2w þ 1  5 ðmod 6Þ; we have u  5 ðmod 12Þ and c ¼ 1
8
ðu  5Þ: Since eðMÞXe
2

c 1
2
; it follows that
4eðMÞ  ð2e  wðu þ 2Þ þ 6u  10ÞX1
2
ðu2  12u þ 19Þ
which is positive since since uX17: So condition (10) holds. When v is even and
2w þ 1  5 ðmod 6Þ; we have u  11 ðmod 12Þ and c ¼ 1
4
ðu  9Þ: Since eðMÞXe
2

c 1
2
; it follows that
4eðMÞ  ð2e  wðu þ 2Þ þ 5u  8ÞX1
2
ðu2  11u þ 28Þ
which is positive since uX11: So condition (11) holds. We have shown that ðU ; AÞ
satisﬁes all the conditions of Lemma 4.3 with n ¼ 3u; so ðU ; AÞ has an embedding of
order 3u: &
9. Main result
We now have all the necessary results to prove our main theorem.
Theorem 9.1. Any partial Steiner triple system of order u can be embedded in a Steiner
triple system of order v if v  1; 3 ðmod 6Þ and vX3u  2:
Proof. By Lemma 4.1, we need only show that for every odd integer u0; any
mPSTSðu0Þ has an embedding of order 3u0  2 and an embedding of order 3u0:
Lemma 6.2 covers the cases u0p9: For u0X11; Lemma 8.1 gives an embedding of
order 3u0  2 and Lemma 8.2 gives an embedding of order 3u0: &
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